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The Firm in a Changing Environment:
About Investors’ Rational Pessimism and

the Consequences on Corporate Financial
Decision Making

Abstract

The recession at the beginning of the new millennium accompanied by a series of major corporate-
accounting scandals (like Enron — Arthur Andersen, WorldCom, Global Crossing, Ahold, ...) has
pointed investors to the fact that (i) industry growth is apparently changing over time and (ii) the quality
of signals about firms’ profitability is not necessarily perfect. Despite the fact that many indicators
suggest a beginning recovery of the economy in the U.S. and in Europe, investors seem to be reluctant
in gaining confidence in a prosper future.

Inspired by Veronesi (1999), who gives rationale—using a general equilibrium asset pricing model—
why investors underreact to good news in bad times, | develop a partial equilibrium contingent claims
model of the firm in an uncertain environment. l.e., the growth rate of the cash flow generated by the
firm’s productive assets is modeled to change over time and the firm’'s equity and its debt are inter-
preted as claims contingent on this flow. To form their expectations about the firm's future, investors
have to condition their belief about the growth perspectives on signals of certain quality. It is shown (i)
how to derive the risk neutral dynamics of the Bayesian belief about growth in an partial equilibrium
setting (ii) that positive risk premia imply the existence of ‘rational pessimism’ about growth and how
this distortion in the beliefs depends on information quality, (iii) how to value equity and debt (analyt-
ically in some special cases and on a two dimensional tree in general), (iv) how investors pessimism
influences equityholders decision to default, and (iv) that—as a consequence—the value of the firm’s
stakes and the debt capacity of the firm deteriorate if the information quality of signals about growth
is low.

1 Introduction

Firms operate in an uncertain environment. Investors were pointed to this simple fact by the economic
downturn at the beginning of the new millennium which demonstrated unequivocally that firms’ growth
rates are changing over time. Furthermore, the corporate accounting scandals which accompanied the
recession (like Enron — Arthur Andersen, WorldCom, Global Crossing, Ahold, ...) exposed that the
information about the profitability of firms is not necessarily as precise as pretended. Many indicators
suggest that the economy in the US and partially also in Europe start to recover their strength, however,
investors seem to be reluctant to regain confidence in the value of firm’s equity and debt. (E.g., in the
second week of October 2002, Ford Motor Company’s five-year bonds quoted at a level, where they
should be classified as junk, i.e., non-investment grade. Standard & Poor’s as well as Moody’s confirm

that the firm’s fundamentals do not justify such a bad valuatjon.

1See The Economist Global Agenda, “Irrational gloom?”, http://www.economist.com, October 11, 2002



In order to address the problem of corporate financial decision making in the context of a changing
growth-environment | develop a contingent claims model of the firm where the growth rate of the firm’s
cash flow is uncertain. More precisely, in a partial equilibrium model | assume that there are two possible
states for the firm’'s cash flow (high growth versus low growth) and that the cash flow changes its state
due to random and nonobservable shocks. Apparently, corporate decision making like the choice of
the optimal capital structure or the decision to default depend on what managers / investors belief to
be the current growth rate. The paper therefore describes how to form rational beliefs about growth
form the observation of historical realizations of the cash flow and from an additional signal with certain
information quality and how to value the firm’'s equity and debt contingent on ones belief. | show that
under given prices for risk, investors rational valuation of the firm’'s stakes is as if they would deviate
from the Bayesian rule when updating their belief in the course of receiving new information. Especially
if risk premia are positive then investors exhibit ‘rational pessimi&iheir valuation behavior is as if
they where pessimistic about the firms future, i.e., they seem to expect to receive bad news with higher
probability than it is objectively justified or, alternatively, it seems that they belief more in bad signals
than in the good. Furthermore, the paper shows that increasing signal quality generally mitigates this
effect.

These distortions of expectations about the firm’s future have significant consequences on corporate
decision making. | show that ‘rational pessimism’ leads to early bankruptcy and that this, furthermore,
reduces the firm’s debt capacity, i.e., the amount of debt a firm optimally issues. When studying optimal
capital structure choice, | illustrate that an increase in information quality of the signal (i.e., higher cred-
ibility of data disclosed by the firm) generally increases the firm’s debt capacity by reducing investor's
pessimistic valuation behavior. However, the dependency of the valuation behavior is found to be not
necessarily monotone in the information quality of the signal.

As initially introduced by Merton (1974), contingent claims models of the firm interpret the firm’s
equity and debt as claims contingent on the value of the underlying productive assets. My paper extends
the existing literature by combining the option based view of the firm with the model of an uncertain
growth environment as it is used in the general equilibrium models of Veronesi (1999), Veronesi (2000),
and David and Veronesi (2002). Veronesi (1999) shows that investors with CARA utility over consump-
tion overreact to bad news in good times (i.e., when growth is high), whereas they underreact to good
news in bad states. My finding of distortions in investors expectations about the firms future is in accor-
dance with these results. Veronesi (2000) studies the influence of information quality on risk premia, on
return volatility, and on the relationship between conditional expected returns and conditional variance
in a pure-exchange economy where identical investors have isoelastic utility. He also finds tadti¢he
adjustedbelief distribution differs from the objective belief distribution, such that it puts more weight to

the low growth states than objectively justified if they are more risk averse than the log-utility investor.

2The actual condition is slightly stronger, see Proposition 3.



David and Veronesi (2002) assume that investors have isoelastic utility over consumption and determine
European option prices in an endowment economy. | study the firm in a partial equilibrium model (as
this is done e.g., by Merton (1974), Leland (1994), and Goldstein et al. (2001)). This allows to abstract
from specific utility functions of investors and does not require to explicitely restrict the economy under
consideration to have a certain simple form. However, it relies on the exogenous assumption of the risk-
less rate of interest and the prices for risk associated with the various sources that drive the dynamics of
uncertain investments.

The paper is composed as follows. Section 2 introduces the model and the assumptions made and
characterizes learning about the growth rate of the firm’'s cash flow. In Section 3 it is presented how
to value claims contingent on the firm’s cash flow in a given partial equilibrium. Furthermore, the risk
neutral dynamics of the cash flow and the belief are characterized. Section 4 discusses the valuation
of the firm’s debt and equity in the uncertain environment. Two special cases are presented in which
the valuation can be done analytically and the numerical procedure for claim valuation in the general
case is described. Section 5 demonstrates the effect of uncertainty and information quality on the capital

structure choice of the firm. Section 6 concludes.

2 The Model

The goal of this section is to formulate a contingent claims model of the firm (in the spirit of Leland
(1994)) where the firm operates in an uncertain environment. The (nontraded) underlying is the cash
flow generated by the productive assets of the firm which follows an ex ante uncertain path. The value
of different stakes in the firm are then interpreted as contingent claims on the cashifi@entrast to

other option-based models of the firm, the cash flow process is not assumed to be a simple geometric
Brownian motion. Rather than taking a constant growth rate, the growth rate is assumed to change over
time (modeling the fact that the regime wherein a firm operates is not constant over time). This is done
in the same way as in Veronesi (1999) and Veronesi (2000). Beginning with the formulation of the
assumptions about the firm’s cash flow | will then be more specific about the firms capital structure and

about what happens to the firms assets in the case of bankruptcy.

Assumption 1 (cash flow)Let % denote the firm’s instantaneous free cash flow after corporate tax
which is generated by the productive assets of the firm. Assume that its dynamics are characterized by

the following stochastic differential equation

d
%‘ = pdt+ o (AW,

1)
X > 0,

3Cash flow based contingent claims models are a convenient adaptation of the more recent firm models which take the value
of the firms assets as the underlying process, this is e.g., used in the firm models of Mella-Barral and Perraudin (1997), Goldstein
et al. (2001), or Dangl and Zechner (2003).



where W is a standard Wiener process. The volatilityis a known constant, the growth rate ghar-
acterizes the current growth regime. It is either low € in times of a downturn) or high (= W, in

times of prospering growth), details about the underlying process are described in Assumption 2.

Within a certain growth regime, the cash flow follows a standard geometric Brownian motion, i.e., the
relative fluctuations ing are normally distributed. However, the mean of this distribution is not stable

but changes driven by a jump process.

Assumption 2 (regime shift) The growth rate pof the cash flow process characterizes the prevailing
regime (e.g., either boom or downturn) and can take one of the possible realizai@rsy, with
Hh > 1.

The transition between these states is driven by a continuous time Markov process with the transition
probabilities given by
—Ani HAn)
+Ah —Ain

P(At) =1+ (At+o(At)), 2)
wherel is the identity matrix andy andAp are the constant instantaneous intensity of transition from

Uy to 1 and vice versa.

The lower the transition intensity, | the higher is the persistence of the high growth state. The magnitude
of A|» determines the persistence of the low growth state. Not only the growth environment the firm

operates in is uncertain, the current siates hidden.

Assumption 3 (observability) It is assumed that investors/managers are able to observe the cash flow

X;. The growth regime (i.e., the growth ratg js assumed to be not observable.

The firm’s actual problem is that when observing a certain increase / decrease in the cash flow, it is
not immediately clear which proportion of this observed change comes from the currently prevailing
growth ratepy (see the first term of the right hand side of Equation (1)) and which proportion comes
from the innovation ternfW); (see the second term of the right hand side of Equation (1)). However,
the distinction between these possible sources is of core relevance when forming expectations about the
firm’s future, i.e., when pricing different stakes of the firm. If observing the gradual realization of the cash
flow process is the only source of information about growth, then apparently the quality of information
about the current growth rate is the more accurate the lower the instantaneous variance of the innovation
termoy. In which case information quality and riskiness of the firm are coupled. However, the cash
flow itself is not necessarily the only source of information about the growth rate, thus, assuming an
additional source of information allows to to distinguish between the effects of riskiness of the cash flow
and the effects of the quality of information about the growth scenario. One can think of this signal as a
report on the profitability of firms which operate in the same industry and, thus, share the same growth
framework, or a sector index carrying information about growth perspectives. Alternatively, the signal

may be extracted from information other than cash flow data which are disclosed by the firm.



Assumption 4 (informative signal) The signal sis an additional source of information about growth.

It follows the process

d
;S' —  pedt+os(dW),

3)
S > 0

where Wis a Wiener process correlated toVuch that{dW); (dWs); = pdt, with—1 < p < 1. To be

consistent with Assumption 3 (i.e;,igta hidden state variablej\\); is not observable.

The signals is noisy andos, the parameter that determines the instantaneous variance of the signal,
also characterizes the information content inhererg &md, thus, it defines the extent to which man-
agers/investors give credence to the data disclosed by the firms. This allows me to discuss the issue of

general credibility of accounting data by varyiagwithout changing the riskiness of the cash flow.

Definition 1 (information set) Let % be the canonical nondecreasing filtration jointly created by the

cash flow process xand the signals

In other words, the assumption about observability (Assumption 3) stateg tld, anddW; are not
measurable with respect to the information $et
After defining the framework in which the firm operates there are some assumptions regarding the

capital structure of the firm under consideration.

Assumption 5 (capital structure) The firm has a simple capital structure such that—beside equity—
there is only one perpetual bond which requires a continuous coupon flow ¢ in order to satisfy bondhold-

ers.

From the various reasons why a firm might find it optimal to issues debt, | assume the existence of tax

shields as the driving force.
Assumption 6 (tax advantage of debt)nterest payments are assumed to be tax deductible.

Since the cash flow generated by the firm is after tax, the tax advantage of debt reduces the effective
coupon flow fromc to (1—t)c, wheret denotes the corporate tax rate. This formulation seems to cause
rising firm values when corporate tax increases, however, it implies only that the value of the levered
firm increases relative to its unlevered pendant, which is obvious due to an increase in the value of the
tax shield?

The issue of debt capital implies that the firm bears the risk of bankruptcy, or alternatively that there

is an incentive to renegotiate the debt contract in the case the firm value deteffofatethermore,

4This construction, which is also used in Fischer et al. (1989), Leland (1994) and others, is sometimes target of critiques when
the effect of rising taxes is misinterpreted as discussed. Starting from the unlevered cash flow as it is done in Goldstein et al. (2001)
can prevent the misinterpretation, however, it requires the modeling of the tax system in greater detail.

5This is considered in the models of Mella-Barral and Perraudin (1997), Mella-Barral (1999), and Christensen, Flor, Lando,
and Miltersen (2000).



equityholders might want to issue new debt in the case the firm value evolves faordblyever, in
order not to overload the paper, formal bankruptcy is assumed to be the only way to cancel the contractual
obligation of equityholders to debtholders. Equityholders do not face liquidity constraints, so bankruptcy

is triggered when they decide to refrain from paying the contracted coupon.

Assumption 7 (bankruptcy) In the case of bankruptcy the productive assets are handed over to debthold-
ers. Debtholders sell the assets for the market value of the unlevered cash flow. They bear the costs of

the bankruptcy procedure which are assumed to be a fragtiofthe proceeds.

2.1 Learning About Expected Growth

When valuing the cash flow of the firm’s productive assets or when valuing claims contingent on these
cash flow, one has to form rational beliefs about the growth regime (either high gyawthy,, or low

growth, iy = ) in which the firm is currently operating. From observing the cash flow and the signal,
one can apply filter techniques based on Bayes’ theorem in order extract information about the prevailing

environment.

Definition 2 (belief) Let g denote the probability that;j+= ., conditional on, i.e., the rational belief
about the cash flow growth rate pt time t conditional on the observation of the cash flow x and the

signal s over the time interva, t) (and for a given the priorp).

When having a certain belieg, the expected instantaneous growth rate of the firm’s cash w,%x),
(as well as the growth rate of the signal) is given gy, + (1 — T%)1. Deviations of the observed
instantaneous growth from this expectation gives rise to updating the belief. Before characterizing the
dynamics of the Bayesian belief about the environment, it is convenient to make use of simple noise
reduction techniques in order to reduce the dimension of the inference problem. For this sakt aefine
vector of ones and let the variance-covariance matibe
OF  POxOs
V= . 4)
pOxOs 0%

Corollary 1 (noise reduction) Let y denote the compound process composed from a weighted sum of
the cash flow process and the signals

In(x) + 303t

e =W %)

In(s) + So2t

SCapital structure dynamics of this kind are discussed in Fischer et al. (1989), Goldstein et al. (2001), and Dangl and Zechner
(2003).



where the weights w are given by

— POx0s
2 2
W. 1 0% + 05 — 20402
W= X = mvill = g . (6)
WS - pOXOS

02 + 0% — 20,02

Then y follows a Brownian motion which drift;(that exhibits the minimum attainable volatility (or in
other words the maximum attainable signal to noise ratio). The dynamics of this minimum attainable

volatility compound process follows

dv = de ds
Y o= x7+Ws;

th“rc’y (d\/\&)h (7)

Yo given by Equation (5)

whereo§ is the minimum attainable variance and W a standard Wiener process given by

o (1—-p?)0203 ®)
o \/T 02+02 200505’
\ ox O dW 1
dW) = oavt| % = — [WxOx (AW )¢ + WsOs(AVAG)¢] (9)
0 o dWg . Oy

PROOF The proof is provided in the Appendix.

We will see that thisninimum attainable volatilitgompound procesg contains all the information
about the growth ratg that is jointly contained in both, the cash floyand the signad. Consequently,
the dynamics of; determines the dynamics of the Bayesian befjeivhereby the instantaneous variance
of y; characterizes the quality of available information. When calculating the minimum variance portfolio
composed of a set of available assets, the vector of weights is exactly the sarme@arollary 1. With

the help ofy; it is possible to reduce the inference problem to a one dimensional préblem.

Corollary 2 (learning about growth) It is sufficient to condition learning on the observed realization
of of the minimum volatility compound process y

The dynamics of the Bayesian belief about the growth scematioen follows from the theorem on

"This remaines true even if there are several signals that contain information about the growth rate. The expressions in matrix
form in Corollary 1 allow for an easy extension.



nonlinear filtering in Liptser and Shiryaev (2000), Chapter 9,

dr = [—w\m+<1—n>mh]dt+(uh—mm(l—mciy(dwf», 0

To = Tqpriori

(\l\g,f)t is a Wiener process with respect # given by

(W) Giy[dy— ¢ (] %)l

W) = o

PROOF. The proof is provided in the Appendix.

The dynamics of the beligf are characterized by a mean-reverting diffusion which is bound between
0 (corresponding to the propositign= |, almost sure) and Ju(= W, almost sure). The first therm in
Equation (10) describes the dilution of information over time due to fact that the growth regime tends to
change (see Assumption 2). This causes the belief to revert towards the unconditional belief

Al

[~Tn +(1=TAn] =0 <  TynconditionaF At An (11)

The diffusion term in Equation (10) characterizes learning from observations of the informative signal
Vt. The increment of the Wiener proce(twyf )i represents the deviation wf from its expected growth-
path. Whenevey; grows at a higher rate than expected\,@f )t > 0), the second term in Equation (10)
yields a positive contribution tdTg, i.e., a contribution that strengthens the belief in high growth. On
the contrary, whenevet grows at a lower rate than expecttéd\(\(fr )t < 0), the second term in Equation
(10) yields a negative contribution tbt, pushing the belief towards the low growth scenario. The extend
to which the belief reacts to new informatiQdV\(,f)t is given by the tern{pn — )8 (1 — T&)Uiy. The
learning effect is the more pronounced (i) the greater the differguce ) between the two possible
scenarios, (i) the lower the information content of the current belief (i.e., the laxger- %)), and
(iii) the lower the volatility of the signay; (from Corollary 1 we know thay; is the minimum variance
compound process). If one abstains from learning (which corresponds to dropping the diffusion term in
(10)) then the information is diluted gradually and converges to the unconditional belief about growth.
The fact thai(\/\@,ﬂr )t is a Wiener process with respect to the filtratifhmeans that all information
about the growth rate available at tiris already contained in the current beligf or in other words, if
there were systematic information on the gradual unfolding of information in the future, this systematic
information could be used to immediately update the current belief. Therefore, therbiglikfvs a %-
Markov process. Alternatively, one can vieéwyf )t as theperceived innovation / noige the informative

signal, i.e., the disturbance that drives the deviation from the expected drift.



Since pricing of claims contingent on the firms cash flow will be done with respect to the information
investors can access (i.e., with respecti} it is convenient to characterize the dynamics of the cash

flow and the signal with respect to the timexpectation about growth.

Definition 3 LetW/ and W denote thef-Wiener processes defined by

@)= o | BRI @)= T B (12)

Ox Ox

Proposition 1 (dynamics with respect to%) The joint dynamics of the cash flow x, the signal s, and

the minimum volatility compound process y with respect to the time t expectation about growth are

dx/x 1 or, 0 O dwy

ds/s = Mp+(1-m)u]| 1 [dt+| 0 os O awg |,

dy /. 1 0 0 o aw /. 13)
X X0

s = | = |

y Yo

0

wherert, is updated as stated in Corollary 2. The correlation between these processes is such that
AW dWS = dt,  dw dw = it (14)
GX O-S

PrROOF The proof is provided in the Appendix.

3 Claim Dynamics and Claim Valuation

From the previous section we know that the Bayesian bali@bout growth follows & -Markov pro-

cess. Thus, when starting from a certain prior, all information about growth that can be extracted from
the observed path of the minimum variance compound progéssontained in the current belieg.
Therefore any claim contingent on the cash flow of the firm can be interpreted as a function of the cur-
rent level of the cash flow, and the current beliefg. Since the firms equity and debt are modeled as
claims contingent on the firm’s cash flow, the following equations can directly be applied to the valuation

of the firm’s stakes.

Proposition 2 (claim value dynamics)Let F denote the value of a claim contingent on the cash flow

of the firm’s productive assets.xSince the valuation depends on the prevailing growth rate regime



(ke € {tn, i }), F is a function of x andt, and its dynamics are given by

— = Opdt+opx (AW )i + OFn(dW )t
Fo(x1m) = ®(xm.

where
1[0F OF
e = £ |5+ G 1w
10%F oF
+552% X0 §+a (—TAn + (1= TAR)
10%F 1 0%F
JFEW’TZ(:L pl) (Mn— M)—+Wxn(l 70 (h — 1)
o _ ! a—Fxcr
(FX)T — E | ax X|
1 [oF 1
Ok = & |Ge-min-w |

PrROOF The proof is provided in the Appendix.

These are the claim dynamics of a general claim contingent on the firm’s cash flow under the objec-
tive probability measure. It can be seen that the claim value and the underlying cash flow are perfectly
correlated only when there is precise knowledge about the growth state, e ® or iz = 1. Oth-
erwise, the claim value is also driven by the realization of the signal. When the knowledge about the
growth rate is imprecise, the signal influences the belief fluctuation and, thus, increases the volatility.
Furthermore, this dependency of the claim contract on the signal reduces the correld&iooefand
adds a further innovation source to the claim dynamics. This fact has serious consequences on the val-
uation of claims. The first is technical and regards the completion of the market, the second concerns
the impact of volatility coming from the Bayesian updating process on the pricing of a contract (see the
discussion of Proposition 4 for more detail on this topic).

Since investors are usually not risk neutral, pricing cannot be done by computing expectations under
the objective probability measure. The dynamics of a claim value is driven by two sources of innovation,
dW, anddw, therefore, it requires in an arbitrage free market two traded contracts in addition to an
instantaneously riskless investment opportunity to reveal the market prices for risk associatéf with
andV\/y5r respectivel\} Then the market is complete such that any further claim contingert can be

valued in a preference free manner.

Assumption 8 (market conditions) The market is assumed to be arbitrage free. Lelenotes the

instantaneous riskless rate of interest. The processgs and (Ks); denote the market prices for risk

8These contracts have to be claims contingent on the firm’s cash flow like equity, debt or a claim to a share of the cash flow
of the firms unlevered assets or a contract written on an underlying perfectly correlated to it. There are regularity conditions to be
met by these two traded contracts such that the respective market prices for risk can be uniquely determined. These conditions are
assumed to be satisfied.

10



associated with the innovation of of the cash flow/, Vénd of the signal, \&/, respectively. And it is
assumed thatky); > 0. Since the cash flow of the productive assets is assumed to be positive, equilibrium

requires that g — (Kx)tOx < rt.

Please noted théky): and(ks); measure the price for risk with respect to the tite¢pectation, i.e., the

compensation investors require for the dispersion of the claim value around the expected value gain.

Proposition 3 (risk neutral valuation) Suppose a claim provides a cash flow of-kxl as long as it
is alive, then the market conditions described in Assumption 8 require that the value function F has to
satisfy the SDE

!

Kx OFx
rF =kx+d+F-(ap)—F , (15)
Kn ¢ OFn ¢

where(Kn)t is the market price of risk associated with fluctuations in the Bayesian belief given by

1 (kxho
(KT[)[ = O-yl/v 1 X X

(Ks)tOs (16)

1
=  —[(Kx)tWxOx + (Ks)tWsOs],
Oy

and the termsar )i, (Orx)t, and (Opn)t are those stated in Proposition 2.

Investors are risk neutral with respect to belief fluctuations if it is true that
Os[KsP — Ky| = Ox[Ks — PKx] a7)
and, furthermorek is nonnegative, independent of the volatilitgsand o if

Ks—PKx >0 and ky—pks>0 ifp>0 18)
Ks—pKx >0 ifp<O
PROOF. The proof is provided in the Appendix.
The proposition states that the claim vakidas to satisfy the partial differential equation (15), such
thatF is—in general— a function of the cash floythe belief about growtit and of timet. However,
if the firm’s cash flow is modeled to be not explicitely time dependent, Equation (15) is a second order
partial differential equation im andTt
From Proposition 2 we know that the volatility of a claim changes over time, depending on the
precision of the knowledge about the growth rate. Moreover, the correlation properties of the claim value
change when the beligf changes. Whereas the claim value is perfectly correlated to the cash flow if
1= 0 ormt= 1 this is not true when the belief is not exact. Thus, the price for risk inherent in a contract
is only equal toky if one knows the growth rate exactly. Otherwise, the Bayesian updating process

adds further uncertainty and changes the price for risk associated with the volatility of the contract. The

11



price for the excess volatility coming from belief fluctuations depends, of course, on the price for risk
associated with the signak, but also on the weightay andws one optimally applies in the creation
of the minimum volatility compound procegon which leaning is conditioned (see Corollary 1). That
means, the price for his excess volatility depends on the correlation between the cash flow and the signal
and on the volatility of both. Ceteris paribus; is not necessarily monotonous in the information quality
os of the signal. In the case the signal carries no information (e @=il andos = 0y), thenky =Ky > 0.

Equation (18) states the conditions under which the price for risk in the belief evolution is nonneg-
ative. Note that when decomposidi\s into a component that is perfectly correlated with and a
component that is orthogonal to it the&r, = (ks— pr)/\/l——pz is the price of the risk associated
with the orthogonal component. Analogousty, = (Kx — pKS)/ﬂ. is the price for risk of the
component irdW that is orthogonal taW;. Therefore, for nonnegative correlation between cash flow
and signalp > 0, condition (18) says that if the prices for risk related to these orthogonal components
are both nonnegative, thew is nonnegative.

For negative correlatioky, > 0 is sufficient to ensurey > 0 (since this impliegs, > 0). Therefore,
if risk premia in the partial equilibrium under consideration are positive in the sense of condition (18),
then the risk premium associated with belief fluctuations is positive.

If condition (18) is violated, this means that some fraction of the risk@n s has negative price of
risk. Then itis possible—under a specific constellation of the weigh&ndws in the compound process
y—that the negative price of this risk component outweighs the positive price of the other. However, the
sign ofky; depends on the informativeness of the sigmal The price for risk<;; at the extrema is also

determined by the prices for the orthogonal components

Ks—PKx  _

lim kg = = Ky

0s—0 \/ 17p2 L (19)
lim k; = XB& _— g

Os— n vV l—p2 SL

The dynamics of the cash flowand the beliefit can be transformed into risk neutral dynamics
under which pricing can be performed with respect to expected values. These are stated in the following

proposition

%However, this condition does not requikg> 0.

12



Proposition 4 (risk neutral dynamics) It exists a unique martingale measure such that the risk neutral

dynamics of the cash flow and of the belieft under this measure are given by

d% = [T[t“h+(1*nt)w*(Kl)tox}dtJer(dV\&T)t, (20)
X > 0
drg = (—TT)\m+(1—1T))\|h—(Kn)tm(l_m;(uh_w)>dt
y
+<uh—mra<1—m>0iy<dvm, (21)
To = Tqpriori-

PROOFE The proof is provided in the Appendix.

The measure transformation for both, the cash flow process and the belief process, is done by adap-
tation of the drift rate, i.e., by subtraction of the market price for risk times the instantaneous standard
deviation of the process. While the effect of the measure transformation on the cash flow process is well
known, the effect on Bayesian learning is less obviouggJfthe price for information risk, is nonzero,
then Bayesian learning under the risk neutral measure exhibits a distortion compared to Bayesian learn-
ing under the objective probability measure. l.e., investors value claims as if they would deviate from
the Bayesian rule when updating their belief or, alternatively, if they would expect good news about cash
flow growth with unjustified high or low probability, and thus, investors seem to act irrationally.

The direction of this distortion depends on the sigrkgf If risk premia are positive in the sense
of condition (18), investors valuation is as if they were reluctant to belief in the high growth scenario
and tend to shift their belief towards the low growth scenario. Thus, their valuatiatiagsally pes-
simisticindependent of the signal quality, i.e., investors rationally act as if bad news arrive with higher
probability than it is suggested by objective statistics. Or alternatively, they seem to belief more in the
bad signals than in good signals. This result can be interpreted gmttial equilibrium versionof
the finding Veronesi (1999) presents in a general equilibrium consumption based asset pricing model
under the assumption of a CARA utility function. With his model he gives rationale why investors show
overreaction to bad news in good times while they do not react in the same intensity to good news in
bad times. It is also consistent with the findings of Veronesi (2000) that—again in a consumption based
general equilibrium model—thealue adjustedbelief distribution differs from the objective. Assuming
isoelastic utility his model predicts that investors put more weight to the low growth states if they are
more risk averse than the log-utility investor.

In the partial equilibrium model the price for risk associated with belief fluctuations is—due to the
interference with the exogenous part of the economy—is not necessarily positive. If (18) is not satisfied,
investors may showational optimismi.e., they value claims as if they would belief more in good signals

than in the bad. However, this effect can only occur if a fraction of the risk in the cash flow or the signal
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has a negative price of risk. The instantaneous effect of this distortion is the more pronounced the higher
the investors uncertainty about the current growth scenario is, i.e., the higlier 1¢) (see Equation
21).

A second, more technical, consequence of the distortion on belief dynamics is that aversion with re-
spect to information risk qualitatively changes the model solution compared to the case of risk neutrality
concerning uncertainty about growth (i.e., with= 0). In traditional contingent claims models of the
firm which do not address the issue of learning, nonzero prices for risk do not necessarily change the
form of the model solution. The volatility of the cash flogy, is assumed to be a constant, therefore,
if the market price for risk is constant, the measure transformation of the cash flow process is simply a
static correction of the objective drift. Thus, model solutions with constant prices for risk can simply
be obtained from the solutions under risk neutrality by adaptation of the drift rate. This is not true for
the firm model in an uncertain environment. The instantaneous standard deviation of the belief process,
T (1—T1%)(Mh — ) /0y fluctuates over time, such that the measure transformation is not a static adapta-
tion, even in the case of a constant price for risk, and therefore qualitatively changes the model solution,
as we will see in the remainder of the paper.

After deriving the dynamics of the belief the question about the long run distributioncaih be
addressed. How does information quality and prices for risk influence the risk neutral probability that
the belief is in a certain range? This is a question about the stationary probability density of thebelief

under the risk neutral probability measdfe.

Proposition 5 (stationary belief density)Let¢(p) denote the risk neural stationary probability density
of the beliefrg, i.e., ¢ (p) characterizes the fraction of time investors’ belief under the risk neutral prob-
ability measure is in the intervdp, p+dp| (in the long run). Assume that prices for risk are constant,
then the stationary density(p) is given by

gku(p) (1;pp)k2

d(p) = C(l——p)zpz (22)

where C is an integration constant which ensures that the probability density integrates to unity and the

exponentskp) and k are given by

a(p) = 1(;’_52 , (23)
) 2 [)\m —ANih+ Kn—mhg_yw q 04
? (Fh— W2 @9

PROOF. The proof is provided in the Appendix.

O1nvestors, of course, use the objective Bayesian rule when updating their belief about growth, however, when valuing claims,
they act as if they would update their belief in an irrational manner, as described in Assumption 4.
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Figure 1: For given cash flow volatilityy and prices of risky, Ks Panels (a) to (c) compare the stationary
belief density under the risk neutral measure if risk premia are positive in the sense of condition (18),
plotted as solid curves, with the stationary belief density under the objective measure (dashed curves) for
different levels of signal information qualitys in a symmetric framework (i.e., foxp = Ajp). While
increasing information quality increases the probability weights at states that represent precise estimates
(i.e., neap = 0 or p = 1), Bayesian learning under the risk neutral measure exhdiitsal pessimism

if K> 0 such that it puts higher weights to the low growth scenario than objective learning suggests.
Panel (d) shows the unconditional mean of the stationary density as a measure of the deviation of the
belief updating process under the risk neutral measure from the objective Bayesian rule. The three
curves are computed for uncorrelated signals. When risk premia are positive in the sense of Condition
(18), investors show overall pessimism (sice: O this is the case for the two curves with < 0). If
condition (18) is not satisfied, investors behavior can either be pessimistic or optimistic (see curve for
Ks < 0). High information quality gives no space for these distortions on learning.

For given prices of risky andks Figures 1(a) to 1(c) illustrate investonsitional pessimisnwhen
risk premia are positive in the sense of condition (18). The chosen framework is symmetiig, e\,
therefore the objective belief densities are symmetric around 0.5, independent of the information quality.
When information quality is low, i.e., higbs, the density is concentrated in the center of the interval
[0,1] which means that most of the time investors do not have a precise estimate of the true growth
rate. High information quality shifts weights form the center to the boundary, thus, there is a higher

probability that investors beliefs have high precision. Under risk neutral learning which is relevant for
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claim | notation | flow to the claimholder
unlevered assets X(x, ) | X%
the firm’s equity | E(x,T)) | % —(1—T1)cC
the firm's debt| D(x,7) | c

Table 1: The different claims under consideration in the firm model, notation and flow they provide to
the claimholder.

valuation, weights are shifted towards the low growth scenario. Thus, investors seem to be pessimistic
about the growth perspectives of the firm. Panel 1(d) plots the mean of the stationary densities as a
measure of the deviation of risk neutral learning from the Bayesian rule for different information quality.
The mean of the objective belief density is stable at 1/2 (because of the symmetricXsgttingy). The
plotted curves are computed under the assumptiorxthatls are uncorrelated, thugy is nonnegative,
i.e., (18) is satisfied, whenevegg > 0. In which case the mean of the risk neutral belief is well below
the objective value (see the two curves wath> 0). If (18) is violated (which is the case fag < 0),
the sign ofk;; depends on the information quality of the signal. However, if the informativeness of the
signal is very high, then there is no room for these distortions in the investors behavior, independent of
the correlation and risk premia. This is true because the adaptation of the drift of the risk neutral belief
dynamics associated witty; (see Proposition 4) vanishes far— 0 andmt— 1. Since high information
guality concentrates the belief either in the neighborhood of 0 or in the neighborhood of 1, investors’ risk
neutral belief dynamics do not deviate from the objective dynamics when information quality is good.

To analyze the effect of the distortions in the investors belief dynamics on the valuation of the firm'’s
stakes and the consequences on capital structure choice and on the riskiness of debt contracts is the task

of the following sections.

4 The Firm in an Uncertain Environment

After the technical requirements for the model analysis are prepared, this section focuses on the valuation
of the firm’s stakes. As already mentioned, equity and debt of the firm are interpreted as claims contingent
on the level of the cash flowg, and the belief about the growth scenanip, which is extracted from
¥ and an informative signa. The valuation is done in a partial equilibrium, i.e., the prices for risk
associated with fluctuations in the cash flow and the signal are assumed as given (by the market, see
Assumption 8). These claims are special cases of the general claim that is used to derive the arbitrage free
valuation equation in Proposition 3. The differences in the flow these claims provide to the claimholders
is stated in Table 1. There is no explicite dependency on tjreensequently, the value functions of the
firm’s stakes do not explicitely depend on time, i.e., their partial derivative with respeeatashes.

Two special cases allow for an analytical solution of the valuation equation. These solutions can be

used to serve as a benchmark for the general solution that is done numerically on a two-dimensional
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binomial tree. These two cases are discussed in the following subsection.

4.1 Perfect Information

In this subsection | assume that the informativeness of the sigisgderfect. This special case constitutes

the benchmark foos — 0 which means that the growth rate is actually observable. Thus, the belief about
the growth rate can take only the two extreme vatwes0 (in times of low growth) andt= 1 (in times of

high growth). In the previous section | demonstrated that the mean of the risk neutral belief distribution
converges to the objective mean. To be consistent with this fact, | assume in this subsection that investors
are risk neutral with respect to the jumps in the growth rate. Furthermore, | assume that the riskless
interest rater is constant over time and that the prices for rigkand ks are constant and not state

dependent.

Proposition 6 (claim valuation under perfect information) Consider a claim that provides a flow of
kx +d to the claimholder. Letdfx) and F(x) denote the value function of equity conditionalmsa: 0

andti= 1respectively. Then these two functions must satisfy the following system of ordinary differential

equations
02 0
(r +An)FL(X) = AnFo(x) = %cfxzﬁFl(x)Jr(uh—Kxcx)xa—XFl(x)+kx¢+d
(25)
92 0
(r+Ain)Fo(x) —AinFi(x) = %ngzﬁFo(XH'(Hh—Kxcx)X&Fo(X)+k>Q+d

PROOF. The proof is provided in the Appendix.

Consistent with existing contingent claims models of the firm (see e.g., Goldstein et al. (2001)) |
interpret the firm as the holder of the perpetual unlevered (after tax) cash flow of the assets minus the
perpetual tax-adjusted coupon flow plus the option to default, i.e., plus a put option to terminate the
coupon payments in exchange for handing over the control rights to the debtholders. Therefore, | am first

interested in the value of the perpetual cash flow.

Proposition 7 (value of the perpetual unlevered flow under perfect information)The value function

of the perpetual unlevered flow ig(X) and X (x) are given by

X) = YoX
Xo(X) Yo (26)
X1(x) = yix
where the constantg andy; are given by
Vo = I — (b — KxOx) +Ani +Ain
Ain(r = (Hn — Kx0x)) + (T = (H — Kx0x)) (I — (M — KxOx) + Ani) o7
v o= I — (K — KxOx) +An + Al

Aih(r = (Mn — KxOx)) + (I — (4 — KxOx) ) (I — (Uh — KxOx) -+ Ani)
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PROOF. The proof is provided in the Appendix.

| assume that equityholders have limited liability and are free to endogenously determine their opti-
mal strategy of how to use the right to trigger bankruptcy. Obviously, the decision to default is condi-
tioned on the currently prevailing growth rate, and if the firm is in the low growth scenario, equityholders
will trigger bankruptcy earlier (i.e., at a higher level of the cash flow) than this is the case in the high

growth scenario.

Proposition 8 (value of equity under perfect information) Equity provides a flow ofgx- (1—1)c to
the claimholder as long as they maintain the coupon service to debtholdersy(x¢EEd E (x) denote
the value function of equity conditional ean= 0 and 1t= 1 respectively. The lower thresholds X x;

denote the endogenous bankruptcy triggers. Then the value of equity is characterized by

Eo(X) = E1181 X"+ E120p X2 4 ypox — (1 _I’ L for Xg <X
Eo(x) = O for  x<xg
(1-1)c
Ei(x) = EpnnxNM+Epx24yx—-—~— for Xg < X (28)
— B1 B2 X _ (1-1)ec <
E1(x) E13XP1 +Ej4 X +r+)\hl_lih ™ for x; <x<Xg
Eix) = 0 for X < Xq

wheren; andn; are the two negative roots of the characteristic 4th order polynomiéa,)Qandp; and
B2 are the negative and the positive root of the characteristic quadratic polynomig), Both can be
found in the Appendix. The constafsandA, are determined by

. A 3nfoR - na(Pn — 309
B Ani

(29)
r +An — 3n50% — Na2(fn — 30%)
Ani

Ny =

The four constants &, E1», E13, E14 are set such that the following boundary conditions are satisfied

Bo() = O
lim E;(x) = lim Ey(X)
X~>)7(6r X~>)_(6 (30)
im 9510 _ iy 9B
X*}xa» aX X*,)_(a aX
Eix) = O
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The exit triggers are set in order to maximize the value of equity, i.e., to satisfy the first order condition

jim 950 0
im 9510 _
x—>>7<1r 0x

PROOF. The proof is provided in the Appendix.

When the cash flow of the firm is aboxgthen equityholders are running the firm independent of the
prevailing growth scenario. In this case the expressiofE§ox) contains the value of the perpetual cash
flow (yox) minus the value of the tax-benefit adjusted coupon fldw<tp)c/r) plus the value of the put
option to abandon the firm. Unlike standard contingent claims models of the firm, the put option in the
uncertain growth framework is the sum of two power functions (there exists two positive roots and two
negative roots of the characteristic polynomial of the order of four, the two positive roots determine the
behavior of call options, the two negative roots are used to characterize the put option inherent in right
to abandon the firms operation). Analogously, the expressioffof) consists of the perpetual cash
flow minus the value of the coupon flow plus the put under uncertain growth. Note that the exponents
in the put option value are the same for low and for high growth and the corisaist proportional
to E1.. When the cash flow of the firm is betwegpandx,, then equityholders immediately trigger
bankruptcy if growth is low, but they continue to run the firm if growth is high. Theretgges 0 in this
case. The system of differential equations (6) then collapses into a single ordinary differential equation
that has the standard solution. The riskless interest liatecreased by, (the transition intensity for a
jump from the high growth to the low growth scenario) to account for the possible change in the growth
rate (which is accompanied by immediate shutdown). The optimality conditions 31 require that at the
optimal bankruptcy triggers, the value functions have to be smooth, otherwise the value of equity can be
increased by changing the triggers.

Debtholders receive a coupon flowoés long as the firm is operated by equityholders. According to
Assumption 7 equityholders’ decision to default on their obligation leads to a sell out of the firms assets

for the value of the unlevered assets. Debtholders receive a frddtiop) of the proceeds.

Proposition 9 (value of debt under perfect information)Let Dy(x) and Dy (x) denote the value func-
tion of equity conditional om= 0 and t= 1 respectively. The bankruptcy triggers X x, are set by

equityholders. Then the value of debt is characterized by

Do(X) = D111 X114+ DA X124+ ? for Xg < X
Do¥) = (1-@)yox for  x<x
Di(X) = Dg1xXM+Dpx12+ (F: for X < X (32)
Di(x) = DigxPr4+DygxP2+ for x; < X< X%
r =+ Ani
Di(x) = (1-@yx for  x<x
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where exponentss, N2, B1, B2 and the constant4; andA; are the same as in Proposition 8.
The four constants 3, D12, D13, D14 are set such that the following boundary conditions are satis-
fied
Do(X) = (1-@)yoXo

lim D1(x) = lim D1(x)
% = (33)
lim 9D1(x) = lim 9D1(x)
X~>)_(6r OX X=Xy 0x
Di(x)) = (1-@vxy

PROOFE The proof is provided in the Appendix.

4.2 Exogenous Bankruptcy and Risk Neutrality with Respect to Belief Fluctua-

tions

This subsection presents the analytical solution for the value of the firms debt and equity for the special
case in which the market price for information riglg,vanishes, i.e., where condition (17) is satisfied, and
where the bankruptcy decision is exogenously given, such that bankruptcy occurs when some lower cash
flow level x is hit for the first time. In this case investors do not ask for compensation for the volatility
which is generated by the belief updating process. Since updating is positively correlated to the cash
flow (the correlation o\, andW, is given bydW,dW, = a,/0y) this means that the positive contribution

of the cash flow txx has to be compensated by some negative price component associated with the
innovation proces® of the signak. The assumed exogenous bankruptcy implies that equityholders (as
well as debtholders) learn about the growth rate but are not allowed to set any action conditional on their
information. The value functions of the relevant claims are functions of the current cash flow éect|

the beliefrtand must satisfy the partial differential equation (15) in Proposition 3. Again it is assumed

thatky, Ks, andr are constants.

Proposition 10 (value of the perpetual unlevered flow whem; = 0) When the market price for fluc-
tuations in the belief vanishesy = 0, then the value of the unlevered perpetual cash flow x is a function

of the cash flow and the belief given by

X(% 1) = [My1 + (1 - )yo]x, (34)

where the constantg andy; are the same as in Proposition 7.

PROOF. The proof is provided in the Appendix.
If kn= 0, the value of the perpetual cash flow is simply a convex linear-combination of the value
functionsXp(x) and Xy (x) under perfect information. Fluctuations in the beligiead only to a shift in

the relative weights.
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Proposition 11 (value of equity whenk; = 0) When the market price for fluctuations in the belief
vanishesky = 0, and bankruptcy occurs when the cash flow hits the lower threshalthen the value

E(x, ) is given by

E(x1) = En[r+(1-1mAx™
+E1o[Tt4 (1 — mA2]X12 4+ X (X, 1) — @ for x<x (35)
E(xm) = 0 for x<Xx

The exponenty; andn2 (the two negative roots of the characteristic polynomial) and the consfants
and A, are the same as in Proposition 8. The constants &hd B, are determined by the boundary
condition

E(x,m)=0 Vvn (36)

PrROOF The proof is provided in the Appendix.

Here itis again the fact that an ansatz which is linear solves the partial differential Equation (15).
Please note that this is only true becakige- 0 and because the assumption of an exogenous bankruptcy
preserves the linearity. If bankruptcy is endogenously determined, equityholders have the incentive to
operate the firm the longer the more they are convinced that the firm is in the high growth state, thus, the
endogenous bankruptcy threshold is a functiortahd the linearity o in 1tis violated. Ifk;; £ 0, then
the distortion in the updating of the risk neutral belief destroys linearity. In both cases, one has to use

numerical methods to solve for the equity value.

Proposition 12 (value of debt wherk,; = 0) When the market price for fluctuations in the belief van-
ishes,k; = 0, and bankruptcy occurs when the cash flow hits the lower thresholthen the value

D(x,T) is given by

D(X,) = Daa[m+(1—mmAg]x1
+D12[m+ (1 — M)Ay X2 4+ ? for x<x (37)
D(x, ) = (1—@)X(x,m) for x<x

The exponenty; andn3 (the two negative roots of the characteristic polynomial) and the consfants
and A, are the same as in Proposition 8. The constants &d D, are determined by the boundary
condition

D(x.T) = (1-@X(x,T) v (38)

PROOF. The proof is provided in the Appendix.
Since the value of the unlevered perpetual cash flow is linear in the belief y¢herD, an ansatz
which is linear inrtagain solves the partial differential equation when bankruptcy occurs at a thrgshold

(equal for allm).
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4.3 The General Case

The previous subsections discuss special cases which allow for an analytical solution of the valuation
equation (15) which is a partial differential equation with respect to the the casix #iod the belieft

The first is the case of perfect information, the second the case of endogenous bankruptgy=ahd
Whereas under perfect information the domain of the belief degenerates suchctdrabnly take the

two statest= 0 ort= 1, the second special case leads to value functions which depend linearly on the
belief Tt This linear dependency is destroyed if either default is endogenously determinad,ef 0.
Endogenous default leads to the fact that equityholders will default earlier (i.e., at a higher level of the
cash flow) iftis low and they will maintain their obligations longeriifis high. Thus the default
threshold is a functiox(m). This threshold is expected to be decreasing,ibecause higher expected
growth gives an incentive to maintain the firm’s obligations down to lower levels ofThe need to
condition actions on the belief introduces value of information which implies that the value function is
not longer a convex linear-combination of the extreme state® andmr= 1.

The same is true wheg; # 0. Then the dynamics of updatimgn response to the observation of the
cash flow and the signal under the risk neutral probability measure deviate from the objective dynamics
of the Bayesian belief. The effect of this deviation of the risk neutral learning behavior can be seen best
when valuing the perpetual unlevered cash flow. In this case there is no bankruptcy decision, hence, the
effect of ‘rational pessimism’ can be demonstrated. The next subsection focuses on the perpetual flow.

Since the risk neutral dynamics wfindmtare known (see Proposition 4), the valuation of the firm’s
stakes (i.e., different claims contingentxandT) can be done on a two dimensional binomial tree. The
only difficulty comes from the fact that follows a mean reversion process with nonconstant volatility.
Therefore, | use first the approach of Nelson and Ramaswamy (1990) to model the belief proness
the basis of a recombining tree. And second, | adapt the approach of Boyle, Evnine, and Gibbs (1989) to
evaluate the bivariate contingent claifds.

The approach of Nelson and Ramaswamy (1990) to retain computational simplicity of a binomial tree
is based on the transformation of the original belief proggssto a proces% = Z(1%) which is twice
differentiable inttand has constant volatilif$. Then the procesg is approximated on a recombining
tree and the belief processis derived fromtg = Z*l(zt). If certain conditions are satisfied, weak
convergence of the approximation, i.e., convergency in distribution, to the continuous time prosess

ensured when the step size of the discretization in the time dimension approach¥s zero.

H|n this procedure | assume that the market prices forijsindks do not explicitly depend on time however, they possibly
depend on the current beligfabout growth.

21n general the transformatichis time dependent, i.eZ, = Z(T t), however since the volatility af does not explicitely depend
on time,Z only depends omt.

3These conditions are discussed in Nelson and Ramaswamy (1990) and they are satisfied in this particular application.
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Corollary 3 (recombining tree) Take the transformation

(M dp T oy _ 9 ST
Z(n)_/% cn(p)_-/% (uhfua)p(lfp)dp uhualn(ln)' (39)

Then the process z Z(1%) has constant volatility of and follows the dynamics

dz

_dz(m 1 ,d%Z(m) .
|:ur[ dn +§O-T[ a2 dt+dV\</

Mz

(40)

zn = Z(To)

whereor is the volatility andli; is the risk neutral drift of the belief (see Proposition 4) given by

o mewmaem
S

Oy (41)
fr = —TAn+ (1—TOAh — KnOn

If z; is approximated on a binomial tree, then the belief process results form applying the irgetse,

Z Y(z), that is given by
1

“resl ()

PROOF. The proof is provided in the Appendix.

Z (2 (42)

Due to the volatility of 1 the binomial jumps in the tree fphave the magnitude afvhiif his the
step size in the discretization with respect to time. The probability for an up-move and the down move
are set in order to guarantee an expected drift,bf Therefore, these probabilities are state dependent.
The only complication comes from the fact tlm{(t= 0) = on(1= 1) = 0, however, one can overcome
this difficulty by introducing multiple jumps in the neighborhoodrof 0 andnti= 1 (the general idea of
this approach is also discussed in the paper of Nelson and Ramaswamy (1990)).

Since the process is driven by the Brownian motio\;l\@ﬂr (the innovation process that drives the
dynamics of the minimum variance compound proggpsthe correlation o to the cash flow is such
that %X dz = oy dt.

The approach of Boyle, Evnine, and Gibbs (1989) to generate a two-dimensional binomial tree has to
be adapted slightly because the drift rategofthe first dimension of the tree) dependszithe second

dimension), or more exactly the risk neutral dfiftis given by
i = T + (1— TOW — KxOx = Z 1 (2 + [1— Z71(2) ]y — KxOx.

The tree-approach of course depends on the terminal condition that is applied at somehione

ever forT — oo the explicit time dependency and the dependency on the terminal condition vanishes.
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4.3.1 The Value of the Perpetual Unlevered Cash Flow

The volatility of the claim on the perpetual unlevered flow is not constant over time, see Proposition 2.
When investors have precise knowledge about the growth state, it is lowest. The claim value is perfectly
correlated to the cash flow process in this case. If the knowledge is less premisearfithe neighborhood
of 0.5), there is excess volatility coming from the fluctuation in the beliefs about the growth rate. This
additional uncertainty is driven by the minimum variance compound prgogegsich results in the fact
that the claim value is no longer perfectly correlatec.tdr herefore, the price for risk associated with
the claim is not constant over time, everifandkg are.

This has significant impact on the pricing of claims contingent on the firm’s cash flow (see Proposition
3) and, furthermore, to a deviation of the risk neutral updating of the beliefs from what the Bayesian
learning rule under the objective probability measure advises. If risk premia associated with the cash flow
and the signal are nonnegative in the sense of Condition (18), then investors exhibit ‘rational pessimism’,
that is, they put more weight on the low growth scenario than the objective Bayesian learning does.
If Condition (18) is violated then some component of riskkior s has negative price. Then growing
volatility due to reduced knowledge of the growth state may result in a reduction of the total risk premium,

in which case the risk neutral learning is ‘rationally optimistic’.

Proposition 13 (value of the perpetual unlevered cash flow)he value X of the perpetual unlevered

cash flow generated by the firm’'s assets is linear in the level of the cash flow, i.e.,

X(x, 1) = xX(1, ).

However,X(x, 1) is not necessarily &weighted convex combination of the extreme valXés, 0) and
X(x,1). This is only the case if risk neutral learning is equivalent to objective learning, ikg.=f0, see
the special case.

Figure 2 shows the value of the claim on the perpetual unlevered cash flow atfor the base
case parameters given in Table 2 and different signal characteristicg.>If0 then investors behavior
is ‘rationally pessimistic’. They value the claim as if they were reluctant to gain confidence in the high
growth scenario and as if they put more weight to the low growth scenario than Bayes’ rule advises.
Investors seem to trust more in the negative news than in the positive. This results in lower valuation
of the perpetual flow and in a convex shape of the value function with respect Farthermore, an
increase in the information quality of the signal, i.e., a lo@grdoes not not necessarily result in higher
valuation. Compare the value functions &= 1.0, 65 = 0.1 in Figure 2 both withks = 0.5 andp = 0.0.
This is because different information content in the signal changes the weigaitgiws in the minimum
volatility compound procesg on which learning is conditioned. Therefore, higher information quality
may lead to more pronounced pessimistic behavior of the investors, see Figure 1(d) for the dependency

of the expected value of the stationary risk neutral belief density on the volatility of the signal. If the
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Figure 2: The value of the perpetual unlevered cash flow=atl as a function of the beliaf for the

base case parameters (see Table 2) and different characteristics of thessifoak = 0 (the curve

is computed foks = 0.1, p = 0.8 andos = 0.1786), the value is identical to the value under perfect
information. Wherk > 0 (the curves are computed fiogy= 0.5, p = 0.0), investors behave pessimisticly,

the value is below the value under perfect information and convex in the belief. The convergency to the
value function under perfect information is not necessarily monotone in the informativeness of the signal
0s. Whenky; < 0 (the curve is computed fats = 0.1, p = 0.8 andos = 0.1), investors valuation is
optimistic, the value is above the value under perfect information and concave in the belief.

excess volatility coming from belief fluctuations is purely idiosyncratic, i.&«if= 0 which means that
investors do not require compensation for the uncertainty in the growth rate, then investors valuation
is the same as under perfect information. The result of the numerical procedure matches the analytical
results obtained in the previous two subsections. If the risk premium associated with belief fluctuations
iS negative, i.e.k > 0, investors behave ‘rationally optimistic’. In this case they seem to belief more in

the positive signals than in the negative and value the claim even higher than under perfect information.

Table 2: Parameters for the base case.

drift rate in the high growth scenario p, 0.185
drift rate in the low growth scenario p  0.065
riskless rate of interest 0.1
instantaneous transition density from high to low growth, 0.1
instantaneous transition density from low to high growth;, 0.1
volatility of the cash flow oy 0.25
price for risk associated withy  kx 0.5
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4.3.2 The Value of the Equity

The uncertainty in the growth rate is expected to have significant effect on the value of the firms equity
for two reasons. First, equityholders face the threat of inefficient default when determining the default-
threshold. The decision to maintain the firms obligation in times of low cash flow depends crucially on
the expectation on the drift rate, and therefore, it depends on what equityholders expect to learn about
growth in the near future. Second, the deviation of the learning dynamics under the risk neutral measure
from the objective Bayesian rule influences the valuation of the underlying asset (i.e., the caslséew
the previous section). Given a certain capital structure, equityholders receive a cashxXlewlot 1)c
as long as they operate the firm. The firms equity is therefore interpreted as the value of the perpetual
unlevered flow (i.e.X(x, 7)) minus the tax adjusted perpetual coupon flow (i(&.- t)c/r) plus an
American put option that allows equityholders to hand over the assets of the firm to the debtholders
in exchange for terminating coupon payment, i.e., equityholders have limited liability. For numerical
computations, the terminal condition at sofinés given by max0 , X (x, ) — “%T)C}. For largeT — o
the stationary solution is the time independent equity value.

Figure 3 shows the typical shape of the equity value function when0. Equity value as a function
of the cash flow and the belief is shown in the surface plot in Figure 3(a). Figure 3(b) shows the equity as
a function of the cash flow at the boundaries: 0 andmt= 1 (when knowledge about growth is perfect)
together with the asymptote$(x,0) — (1 —1)c/r and X(x,1) — (1 —1)c/r. The equity exhibits the
familiar convex shape that asymptotically converges to the value of the underlying asset (the perpetual
flow minus the perpetual obligations from the capital structure) and it touches smoothly the abscissa,
which characterizes the threshold where equityholders optimally default). Apparently, equity value is
lower when investors are convinced that growth is low, and consequently, the default threshold is higher
in this case. The contour plot in Figure 3(c) shows isoquants of the equity value. One can see the shape
of the default threshold(m) (which is the lowest isoquant at the left hand side). The convex shape of
the default threshold expresses value of waiting. So if the cash flow is low and knowledge about growth
is imprecise, there is an incentive to stay in and operate the firm and try to aquire better information
about the growth state in order to avoid inefficient default. This incentive vanishes when the belief drifts
towardsm= 0 and is more pronounced when the belief drifts towards 1, which leads to the convex
shape. It has to be mentioned that the terminal condition{haX (x, ) — (1%”} creates a concave
default threshold whery > 0, so if information quality is poor ankl is very large, then there is only
little chance thattincreases, thus, the exit threshold can also be concave. 3(d) shows equity value as a
function ofTtfor certain values of the cash flow near the default threshold. One can see that equity is also
convex intt. If the cash flow exceeds only slightkf1), then equityholders optimally run the firm only
if they are convinced that the firm is in the high growth scenario. For growing cash flows equityholders
are by and by willing to operate the firm also when the belief turns towards lower values. If the cash flow

exceedx(0), then equityholders operate the firm independent of their belief about growth.
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Figure 3: The typical shape of the value of equity in a changing environment. (a) Equity value as a
function ofx andtt (b) Equity value at the boundaries= 0 andmt= 1 as a functiorx. (c) Isoquants

of the value of equity in a contour plot, the optimal default thresk¢tg is the lowest isoquant on the
left-hand side. (c) The value of equity as a functiormdér differentx.

The dependency of the default threshaldt) on the signal quality is demonstrated in Figure 4.
The plotted thresholds are computed for the base case parameters and for uncorrelated signals with
idiosyncratic noise (i.eks = 0). The Figure also shows the exit threshold under perfect information
(the solid straight line indicateg, the default threshold when growth is high and information is perfect,
the dashed line indicateg, the default threshold when growth is low and information is perfect). It
can be seen that fat > 0 increasing informativeness of the signal leads to convergengyfto x,,
and forrt= 0 it converges tx,. That means, if the informativeness of the signal is nearly perfect and
Ttis inside the interva(0, 1), then waiting only for a moment will immediately reveal the current state.
Thus, whenevert > 0 andx(T) > x; equityholders will hang on and wait to get knowledge about the
state and make the default decision thereafter. Again, the convergency is not necessarily monotone in the
informativeness of the signal, i.e., lowey does not necessarily imply that equityholders default decision
moves closer to the default decision under perfect information. However, due to the assumption that the

noise in the signal is completely idiosyncratic, it is monotone in this figure.
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Figure 4: Optimal default thresholdgrm) for different information quality of the signal (for the base
case parameters under the assumpgiea O andks = 0). The optimal exit thresholds under perfect
information &, andx,) are indicated by vertical lines.

4.3.3 The Value of the Debt

Suppose a given bond that obliges equityholders to provide a coupon flote debtholders. The value
of the perpetual flow is simplg/r. However, equityholders have limited liability. If the cash flow hits
the boundar(m) for the first time, they default on their obligations (see the previous section on this
topic) and hand the productive assets over to debtholders in exchange for a cancellation of the coupon
payment. Debtholders are assumed to be not able to operate the firm, but immediately sell the assets
such that—after paying the costs associated with bankruptcy—they receive a fiaofitine value of
the unlevered assets. debtholders

Figure 5 shows the typical shape of a bond value function. For illustrative purposes the debt value is
computed withp= 1, i.e., the productive assets are worthless in the case of bankruptcy. Debt value as a
function of the cash flow and the belief is shown in the surface plot in Figure 5(a). Figure 5(b) shows the
value of debt as a function of the cash flow at the boundarie) andrt= 1 (when knowledge about
growth is perfect) together with the common asympimte Both extreme cases exhibit the familiar
concave shape i Apparently, the value of debt is lower in the low growth scenario and due to the lower
drift rate, the convergency to the asymptote is slower. The contour plot in Figure 5(c) shows isoquants
of the value of debt which exhibit the convex shape of equityholders’ default thresfigldrigure 5(d)

shows debt value as a function mffor certain values of the cash flow near the default threshold. One

28



(@) (b)

o o
(2] © Hﬁ

o
IN

o
N

N

© (d)

Figure 5: The typical shape of the value of debt in a changing environment. (a) Debt value as a function
of x andTt (b) Debt value at the boundaries= 0 andt= 1 as a functiorx. (c) Isoquants of the value
of debt in a contour plot. (¢) The value of debt as a functiomn &dr differentx.

can see that debt is also concavetin

5 Optimal Capital Structure Choice

The final issue to be addressed is the paper is the question about the optimal capital structure of a firm
that operates in an uncertain environment. In the previous section equity and debt are valued when the
couponc is given. Now the owners of the firm (all equity) want to lever it optimally (i.e., they want to
maximize total firm value) under the assumption that there is a tax advantage of debt (see Assumption
6). From the point of view of the single firm the market conditions (i.e., the prices forgiakdks) are
exogenously given. The distortion of the belief updating process analyzed in this paper has significant
effects on the capital structure choice.

Figure 6 illustrates this effect for the base case parameters and noncorrelated, idiosyncratic signals
of different information quality. The tax advantage of debt is determined by the assumptiea@f,

the costs of bankruptcy are assumed tapbe 25%. Figure 6(a) and 6(b) show the optimal initial value
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Figure 6: Effect of the signal quality on the optimal capital structure choice when the signal is uncorre-
lated and the signal noise is completely idiosyncratie;, 0.1, @ = 0.75. (a) The initial value of equity

per unit of cash flow when the capital structure is chosen optimally (b) The initial value of debt per unit
of cash flow (c) The optimal initial leverage ratio (d) The optimally contracted coupon

equity and debt per unit of cash flow. We see that both, equity value and debt value, are higher in the
case of better signal quality. Thus, under given prices for risk, lower signal quality results in lower debt
capacity of the firm, which is a indirect consequence of investors pessimistic expectation about the firm’s
future, which is (when the signal is noncorrelated and fluctuations in the signal are idiosyncratic) the
more pronounced the lower the information quality is. Equity value is concave in the tiglief debt

value is convex intand the curvature is more pronounced if signal quality is better. (Please note that
after the bond is issued, equity is convex and debt is concave in the belief). Concave equity and convex
debt lead to u-shaped optimal leverage ratio, see Figure 6(c). Again, the curvature is more pronounced
in the case of higher signal precision. Finally, Figure 6(c) plots the optimally contracted coupon, which

shows again, the positive dependency of debt capacity on information quality.
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6 Conclusion

This paper develops a contingent claims model of the firm which operates in an uncertain growth envi-
ronment. In a partial equilibrium framework it is shown that the risk neutral dynamics of investors belief
about the cash flow’s growth rate deviates from the objective Baysian rule when learning is conditioned
on the realizations of the cash flow and an informative signal. If risk premia are positive (in a strong
sense) then investors exhibit ‘rational pessimism’, such that they put more weight to the low growth
scenario than the objective Bayesian rule advises. In two special cases there are analytical solutions
available for the value function of debt and equity. For the general case there is a numerical procedure
presented which operates on a two dimensional tree and uses the approach of Nelson and Ramaswamy
(1990) to guarantee computationally simple tree structures. The effect of investors pessimism on corpo-
rate decision making—first of all the optimal default threshold—is studied and the effect on the value of
debt and equity is illustrated. Finally, the optimal initial capital structure is studied.

Possible extensions of the paper are studies that make the firm’s capital structure more flexible. This
can be done by introducing debt renegotiation in order to prevent expensive bankruptcy. Or one can add
certain call features to the debt contract which allow the firm to increase dynamically its debt level by

calling existing bonds and issuing new contacts with higher face value.

Appendix

A.1 Proof of Corollary 1

Using Ito’s Lemma and the fact th&tw = 1 (i.e., the sum of the weights is 1), the dynamicsiafan be

derived as

02 2, Oy
= (dx)“+ 6_st+

1 9%y 10%
2 02x2

_ oy, oy 2, 0%

= M dt+ WOy (dW); +WsOs(dWV)

Thus,y follows a Brownian motion with drify and instantaneous variana®/w. Rewriting Assump-

tions 1 and 4 yields

d
ox(dW); = %—utdt,

d
Os(dW), = ;S—utdt.

Since the weights sum to one, we get

dv—w dx ds
y= x?-i-Ws?-

31



Choosing the weights in order to minimize this variance means to solve

wVw — min,

st. 'w = 1,

which yields the expressions farandoy that are stated in the corollary.

The diffusion term indy can then be written as

Oy (dW))t Wy Oy (AW )t + WsOs(dVAG )¢

1 ., .[ 0ox O dwW,
= =1V
1/V711 ( 0 GS) ( dV\é )t
= oy oVt % 0 AV :
0 o dW, .

(dW))e

A.2 Proof of Corollary 2

Bayesian inference in continuous time utilizes the fact that the conditional instantaneous transition den-
sity of the observed processes differs depending on the current value of the hidden process. Thus, a
particular realization oflx andds gives rise to an updated belief of the hidden process, i.e., the growth
rate. The discriminating power of the Bayesian theorem depends only on the relative deviation of the
densities conditional on different values|of

If f(x1,51,%2,5) denotes the joint transition densityxénds for moving fromxy, s1 to X2, s, during
dt, then

The joint conditional instantaneous densitydof/x andds/sis normal. If f(dxdt,dsdt) denotes the
instantaneous density thdk/x = &,dt andds/s = d:dt, then the densities conditional @pn= W, and

Lk = Wy respectively are given by

dt - 6";““ 2 -2p axi(llh 5stuh + 537suh 2]
f(Oxdt, dsdt|k = ) = 2noxosd:tL — expd — ( G ) (2(22’2() o ) ( o ) 7

dt [ 6)(;“‘ 2 B 2p BX;M Bs—sp,l i 5'5;“4 2:|
f(Oxdt, 0sdt| = 1y) = Zno-xo-sd:tL — expd — ( o ) (2(‘;._?32() o ) ( o )

If learning is conditioned on the realization pthe relevant density ig(dy = &, dt) which is normal.
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The conditional densities are

1 dt /3, —pn\?
9(dy dtjte = pn) = mexp{—?<5yc—y>}

- 2
gy dtju =) = 7ﬁni2dte)(p{_% (—éycy”*) }
y

Taking the relative deviation of the joint conditional densitiesigfx andds/s and substituting the

expressions fows, ws, dy anday from Corollary 1 yields

F(Sedlt, Bsclt/pe = ) _ exp dt(my —m)
f (3xdt, dedt|tk = pn) (1-p?)o%03

_l’_
™™ (02 - 200,05+ 08)—5,(03 — poys) - 8(0% — poycs)| |

2
20y

O((Widx +Wsds) dt|p: = 1)
((Wxdx + Wsds) dt|pe = pn)

exp{ dt(m, —m) [Mh 4 My — 2(Wydx + WeDs)| }

Thus, conditioning the learning on the observation of the two processe®ls leads to exactly the
same belief than learning from observing the compound progesEherefore, the inference problem
is reduced to a one dimensional problem and, thus, the nonlinear filter theorem of Liptser and Shiryaev

(2000), Chapter 9, can directly be applied.

A.3 Proof of Proposition 1

Substituting the definitions aW/ , dWy’ , anddw/ into Equation (13) yields

dx/x 1
ds/s = M+ Q-] | 1 |dt
dy /. 1
o 0 0 & [ — (e + (1— %) )dt]
+ 0 o5 O (és["i(muw(ln)mdq
0 0 o & [dy— (Tepn + (1 —T6)py )dlt]
dx/x
= ds/s
dy

The prove the correlation betwerandy, one can use the fact thais the minimum volatility compound
process created fromands (see Corollary 1). Further noise reduction usirgndy cannot be possible,

because we have already shown thaarries the entire information aboutthat is available. Applying
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noise reduction tx andy must again result in a volatility oy, otherwise there is a contradiction to

Corollary 2. Letpyy denote the correlation coefficient betwesn; anddV\(f , then we have

2 (1 B pr)0>2(032/

Y o2+ 02 — 2Pxy0xOy

Solving for pxy givesoy/ay. The same argument determines the correlation betwaady.

A.4  Proof of Proposition 2

This Proposition follows from applying Ito’s Lemma after series expansion of the value fulgtiort t)
and using theF -dynamics of the cash flowand of the Bayesian belief (see Definition 3 and Corollary
2). Furthermore, the fact théad\\g): (dW,): = gXdt is used.

oF oF 10°F , , OF 10%F 92F
dF = —dt+ d +262(d) +a—d +2an2(d )2 +dedn+o(dt)
aF aF 10%F
= Gt o (X + (1- n)M)dteroX(d\/\(f))Jréﬁx o2dt

oF (Fn = M)TR(1—T8) vy 1OPF (M — )R (1 — 1)

—l—an([ T —‘r(l T[))\|h]dt+ o, (dV\{, )t) > 01'[2 0_5 dt
62 (Hh W) (1—T1%) Oy
axan 3, G—thJro(dt).

Dividing this equation by, the coefficients ofit, (AW ); and (dW/ ); yield the expressions fax,

OFx, OR,, in the proposition.

A.5 Proof of Proposition 3

The compound innovation proced$Y, is defined in corollary 1, which states that the contribution of

dW to dW, is
ox O 1 o
o vt % —gv i
0 o5 0 0

and that the contribution @\ to dW, is
0
oy1'vt
Os
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Therefore, the dynamics of the clai(see Proposition 2) can be rewritten as

O,
d?Ft = Oapdt+ |:0'Fx+0'FT[0-y1/V1( i )] (dV\&T)t
0

0

+ GF T[O-yllv -1
Os

) (AW ),

From the theory of incomplete markets (see e.girBj1998) for a discussion of this topic) and As-

sumption 8 it follows that the value function of the claim must satisfy

rF

kx +d+F - (0F )t — F - (Ket [(OFX)I + (OFn)t0y1/V71 ( O ) ]

0
—F - (Ks)t(OFm)i0y1'V 2 ( 0 )

Os

k +d+F'(0(F)t—F-(Kx)t(OFx)t—F~(0Fn)t0y1’v1( (k) Ox )

(Ks)tcs
!/
K (0]
kn+d+F-(ap)—F [ "
Kn ¢ OFn ¢

Solving forky = 0 gives Condition (17). Leks(os) denote the price fows-risk as a function obs

that makex; vanish,

- Os— PO
-

then it has a singularity aigma = oy/p where it changes the sign (which is only relevantfas 0,
since volatilities are nonnegative). The slope of this function

dKs

“ns _ _(1_pz)ox
dog

= (pos— 02 ¥

(0s)

is everywhere nonpositive (singg > 0). Thus if Condition (17) should not be satisfied independent of

05 thenks must lie outside of the range &f(as). Which gives Condition (18).

A.6 Proof of Proposition 4

If the dynamics of the cash flow and of the belief given in the proposition are the risk neutral dynamics

(i.e., the dynamics under the equivalent martingale measure), then claim valuation can be done with

35



respect to the expected value. Then the claim value is defined by
T
F(x,m=E (/ (kx +d)e " dt+ d(x, n,T)erT>
JO

whereT is some random stopping time adds a terminal condition. Using dynamic programming one

finds that the value function must satisfy
F(x,1) = (kx +d)dt+e " 9E (F (x, 1) + dF (x, 0)t).

Applying Ito’'s Lemma and suppression of terms of the ordeo(aft) leads to the Valuation Equation
(15) which confirms the proposition, that the given SDEs characterize the risk neutral dynamérsdof

T

A.7 Proof of Proposition 5

Assume thath(p,t) is the density of the belief at time(when starting from a given prior). From the
risk neutral dynamics of the Bayesian beligf(see Proposition 4) it follows that the boundaries are
inaccessible, i.ef(0,t) = ¢(1,t) = 0 fort > 0. This belief density has to satisfy the Fokker-Planck or

Kolmogorov forward equation (see e.g., Merton (1990))

ot op? Oy
-2 [(—pm - PAn- (Knn%(y“““)) ¢<p,t>}

Assume, the stationary densipyp) exists, then it must satisfy(p) = limi—. ¢(p,t), thus, existence
requires lim . % = 0, or in other words, if the stationary belief density exists, it is the unique

solution to

o - 17 [(Knp(l—p)(uh—w)yd)(p)]

20p2 oy
_aip K— PAR + (1= p)Ain — Kn%(y“h_“w ¢(p)] ,

fod(pdp = 1,
$0)=¢1) = 0

S.t.

The expression in Proposition 5 satisfies this conditions, and is therefore the stationary belief density.

36



A.8 Proof of Proposition 6

Under the risk neutral measure the value of a claim is determined by the expected value of the integrated
discounted cash flow. Being in the high growth state, the probability of staying in this state over a time
interval of lengthdt is 1— A dt, see Assumption 2. With probabiliky, dt, the state changes. Therefore,

using the theorem of Feynman and KcandF; can be written as

Fo(x) = kx+d+e"d[(1—Aydt)E(Fy+dFo) +Andt(F1(x) — Fo(X))],
Fix) = kx+d+e"9[(1—\ndt)E(FL+dF) +Andt(Fo(x) — F(X))].

Series expansion afy anddF; and using Ito’'s Lemma gives the system of differential equations stated

in the proposition.

A.9 Proof of Proposition 7

The value of the perpetual flow is given by

X(x)=E (/Oooxte‘”dT) ‘

Since the upper integration boundarydsthe specification of the cash flow dynamics implies linearity

X0=X

of Xinx,i.e.,

X(&x) = EX(x)

for any constan. Thus, substituting linear functiong(x) = yox andX;(x) = y1x into the system (25)
and recognizing that for the perpetual flow we héve 1 andd = 0 yield the expressions fgp andy;

which are stated in Equation (27) of the proposition.

A.10 Proof of Proposition 8

Equity can be interpreted as a claim on the perpetual flow minus the value of the tax adjusted perpetual
coupon flow plus a put option that allows equityholders to step aside by defaulting on their obligations.
Therefore, as long as equityholders run the firm, the value of equity has to satisfy the system (25) with
k=1 andd = —(1—T1)c. Since equityholders’ decision to default is conditioned on the current growth
state, one has to distinguish between three cases, (i) the level of the cash flow is such that equityholders
maintain their obligation independent of the growth state, xe:,x,, (ii) the level of the cash flow is

such that equityholders default in the low growth state whereas they run the firm if it is in the high growth
state, i.e.x; < X< Xq, and (iii) the firm is handed over to debtholders immediately, independent of the
growth state, i.ex < x;.

In case (iii) we havdeg = E1 = 0. In case (ii) it is clear thaEy = 0, because equityholders default
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in the case of low growth. Since default is an unrevocable decision, the second equation in the system
(25) becomes irrelevant. Substitutig = O in the first equation of the system (25) gives a second order

ordinary differential equation which is standard in option pricing
2 E
(r + M E1(X) = s 0xx T(x) + phx—x(x) +x—(1-T1)C.

A particular solution of the equation m + ﬁ The homogeneous equation can be solved using

the ansatE = x%. So the general solution is

X _(A-1c
F+An—Mh T+ An

E13 P!+ EpaxP2 +

whereE;3 andE;4 are constants to be determined by boundary conditionaaddf3, are the roots of
the characteristic quadratic polynomial

R(B) = J038° + (- 507)B— (1 + A,

In case (i) a particular solution to the system (25) can be found by using the result of the previous
proposition (i.e., Proposition 7),

(1-1)C

YoX— - if e =, y1x—

(1;T)C T

To obtain the general solution of the homogenous equations one carEwetea function oE; and

its first and second derivative

1 1, ,0%E oE
Ea() = 5 | FE1(X) - écrgxzaTzl(x) - “"Xa_xl (X) + A E1 (%)

Substituting this equation into the second differential equation of the system eliminatesahe gives
a fourth order ordinary differential equation involviig. The ansatx" solves the homogenous equation

given that is a root of the characteristic polynomial

Qn) = oxmn*
+202(fn + 4 — 02)n®
+ 400 — 02(2(Ani +Nih =+ P+ [y +2r) — 02)]n? (43)

+[202(Ani + A +2r) — 4(Ninfin -+ Anify + P -+ )N
+4r(Ani +Aih+71)

Under the conditiongy, < r andi < r (which are satisfied due to Assumption 8) this polynomial has two

negative roots and two positive roots which exceed 1. The general solution of the homogenous equation
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E; x4 E> xN2 +E; X3 4+ E4X”4,

whereni,n2 < 0, n3,n4 > 1 are the four roots of the characteristic polynomial &id E;, Es3, E4

are constants to be determined by boundary conditions. The exclusion of speculative bubbles requires
Es = E4 = 0. Substitution of the solution fdE; into the expression fdE, leads to the expressions for

A; andA;. Being in the high growth state, the level of the cash flow can freely cross the bougdary
thus, E; has to be continuous and differentiablexagtwhich are two of the given boundary conditions.

At the default thresholds, the value of equity vanishes, which determines the remaining two boundary

conditions.

A.11 Proof of Proposition 9

The proof is analogous to the proof for the value of equity. The cash flow to debtholders is determined by
k=0 andd = c. In the case of default (which occurs exogenously from the point of view of debtholders)
the value is given by a fractiapof the value of the perpetual unlevered assets, this determines two of the

boundary conditions. The argument for the remaining two conditions is the same as in the case of equity.

A.12 Proof of Proposition 10

The valueX of the perpetual unlevered cash flow of the firm’s assets must satisfy the second order partial
differential Equation (15), see Proposition 3 with= 1 andd = 0. Due to the theorem of Feynman and

Kac this is equivalent to the integral equation

X(x,m) =E </0°°Xte”d‘[)‘

Since the time horizon is infinite and due to the assumptions about the cash flow dynamies not

Xo=X,Tp=Tt

explicitly depend on time and it is linear in the level of the flew.e., X ({x, M) = EX (X, ). In the case of
Kn = 0 the dynamics of the beligfunder the risk neutral measure are identical to the objective Bayesian
learning dynamics. Therefore, an ansatz of the fiifm 1) = x(1X(1, 1) + (1— m)X(1,0)) decomposes
the partial differential equation (15) into a system of two ordinary differential equations which is identical

to (25). Consequently, we get

X(17 1) = Y

with Yo, y1 given in Proposition 7.
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A.13 Proof of Proposition 11

The value of equity has to satisfy Equation (15) wite- 1 andd = —(1—1)c. Analogous to the proof

of Proposition 10 an ansatz of the folaix, M) = TE(X, 1) + (1 — E(x,0) decomposes the partial dif-
ferential equation into a system of two ordinary differential equations identical to (25). Since exogenous
default at a certain lower leveglgives a boundary condition which preserves the linearity in the brlief

the solutions foE(x, 1) andE(x,0) are the same as under perfect information in the cage-ofx; = x.

A.14 Proof of Proposition 12

The proof is analogous to the proof for the value of equity Wita 0 andd = c.

A.15 Proof of Corollary 3

This corollary follows directly form the paper of Nelson and Ramaswamy (1990).
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