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Abstract. In this paper, we analyze options that are bought or sold by the same
company on whose stocks these options are written, leading to dilution and anti-
dilution effects. We provide valuation equations for the European versions of such
options, and discuss conditions for existence and uniqueness of their prices. Option
prices to be paid or received for these options by the company are shown to be different
from those that apply for standard options (which are bought and sold by outside
investors). Since the options become part of the company’s assets/liabilities, the
stochastic process followed by the stock price changes. We demonstrate how the new
stock price process can be derived, and discuss economic implications of our results.
Numerical examples illustrate our findings.
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1. Introduction

A derivative is usually defined as a security whose payoff depends on the value of some
other (“underlying”, “more basic”) security on a given date or during a given period. In
the vast majority of papers on option pricing, this definition is understood to imply that
the price of the underlying has an impact on the price of the option, but not vice versa.
This type of relation between an underlying and the options written on it goes without
saying for people working in the field of derivatives. In fact, it seems so self-evident
that it is hardly reflected any further. This is due to the fact that almost all practical
situations are covered by the standard definition.

When, however, a company takes positions in options written on this company’s
stocks, the value of these option positions becomes part of the company’s assets (in case
of long positions) or liabilities (for short positions). Therefore, any move in the option
price affects the market value of the company and thus the stock price. To distinguish
this special situation from the standard case (where options are bought or sold by third
parties), we propose the term OOO option (pronounced “triple-o option”, short for
“on-one’s-own (stocks) option”) to denote the situation described. This feedback effect
between stock and option prices is different from the feedback effect caused by dynamic
hedging, which has been discussed by Frey and Stremme (1997), Platen and Schweizer
(1998), and Heath et al. (2001).

Surprisingly, in the option pricing literature, the general problem of pricing options
bought or sold by the same company on whose stock these options are written has (to
the best of our knowledge) not received any attention so far. Only the special case of
warrants and the associated dilution effect has been dealt with extensively (see, e.g.,
Galai and Schneller (1978)). Murphy (1998) recommends buying OOO put options
as a way of insuring against bankruptcy. However, even in papers focusing on the
valuation of executive stock options (that are another special case of OOO options), the
consequences of the fact that these options are written by companies on “themselves”
are often ignored (for a recent publication in this field, see e.g. Carpenter (1998) and
the references given there). The clear need for a general analysis of such transactions
arises from the fact that they do occur in practice. In this paper, we fill this gap and
provide valuation equations for the situation just described. We discuss the resulting
dilution and anti-dilution effects and show how the stochastic process followed by the
underlying changes as a result of such transactions.

The paper is organized as follows: In Section 2, we set up the framework for our
analysis and show how to value and hedge European OOOQO call and put options. Then,
we extend our analysis to more general (European-style) payoff functions and show that
warrants can be regarded as a special case of our general problem. Section 3 provides
a discussion of the existence and uniqueness of prices, together with basic inequalities
for the prices of OOO options. Section 4 analyzes the effects of corporate positions in
OO0O options on the stochastic process followed by the stock price. In Section 5, we
illustrate our results using numerical examples. Section 6 discusses practical implications
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of our results. A summary concludes, sketching related research questions currently
investigated.

2. The Valuation of Cash-Settled European OOO Options

A OO0O option is defined here as an option that is bought or sold by the same company
on whose stocks it is written. For simplicity of exposition, we analyze a company that is
initially fully equity-financed. The only security issued by this company is common
stock. Throughout the paper, we analyze OOO options as fractions of options on
the market value of the company (i.e., the stock price multiplied by the number of
stocks outstanding, as opposed to options on individual stocks). This simplifies the
notation considerably. We confine ourselves to European-style OOO options. For ease
of exposition, we assume that the company pays no dividends. This assumption could
easily be relaxed.

In this paper, we confine ourselves to OOO options with cash settlement. I.e.,
the parties to the transaction agree in advance that no shares will be exchanged upon
exercise, but the party in the short position pays the party in the long position the
difference between the stock price at maturity and the strike (for call options) or the
negative of this difference (for put options). In this case, the simple exercise rule for
00O options is to exercise them if and only if they are in the money at maturity. In
case of physical delivery, exercise rules become more complicated, since ownership and
legal issues have to be taken into account (in many legislations, there are restrictions
on the volume of corporate holdings in a company’s own stocks). A practical example
using the same exercise mode as in this paper are stock appreciation rights given to
executives as part of their compensation packages.

Throughout the paper, we will use the following notation:

X, ...market value of the company at time ¢,

S; .. .market value of the company’s assets (excluding any effects from transactions in
options as analyzed here) at time ¢,

Cy(K,T,S;)...time t price of a cash-settled standard European call option on S with
strike price K and expiration time 7' (according to any specific pricing model, e.g.,
Black-Scholes),

fyfb’s}(K , T, S;,p) .. .time t price of p cash-settled European OOO call options on X with
strike price K and expiration time 7', which are bought (7?) or sold () by the same
company on whose stock they are written,

P,(K,T,S;) .. .time t price of a cash-settled standard European put option on S with
strike price K and expiration time 7' (according to any specific pricing model, e.g.,
Black-Scholes),

W;{b’s}(K , T, Sy, p) - . .time ¢ price of p cash-settled European OOO put options on X with
strike price K and expiration time T', which are bought (7?) or sold (7§) by the same
company on whose stock they are written,

Bir .. .discount factor applicable to period t,T7, Br; = 1/B;p. For simplicity of
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notation, we assume that interest rates are deterministic functions of time (cf. the remark
in Section 2.1 for the stochastic case).

We use the following basic assumptions:

Al: Prices in our market model are calculated under an equivalent martingale measure.
This includes the case where the equivalent martingale measure is unique as well as the
case where the market is incomplete, but one specific martingale measure is used to
calculate prices for some reason. To calculate the prices of OOO options, we use the
same equivalent martingale measure. This implies, as will become clear in the analysis,
that market participants are informed about the terms of the company’s transactions
in OOO options. Otherwise, arbitrage opportunities would arise.

A2: There exists a stochastic process (S;) describing the market value of the company’s
assets, adapted to a filtration F;. We note that A1l implies certain regularity assumptions
for (S;), such that prices can be calculated as expectations under an equivalent
martingale measure.

A3: The transactions in OOO options do not carry any information beyond the terms
of the transactions themselves. In other words, there is no information asymmetry, and
there are no signaling effects associated with these transactions. The market neither
reacts positively nor negatively to the information that a company buys or sells OOO
options.

The economic background we have in mind is a company that approaches a financial
institution and wants to arrange the corresponding option deal with this bank. In this
situation, all parties to the transaction are informed about the fact that it is the company
itself who buys or sells these options, which is important for valuation purposes.

In the next subsection, we start with European OOO call options sold by the
company (this is largely analogous to the valuation of warrants, which is the only special
case of OOO options which has received considerable attention in the literature). In the
following subsections, we state the results for the remaining three basic positions (short
and long put, long call) together with differences in the derivations.

2.1. Cash-settled European QOO Calls Sold by the Company

We assume that at some time %y, the company sells a fraction p of OOO call options
on its market value X with exercise price K and expiration time T for a price of
fyfo (K, T, S, p) =:v. Therefore, the process of the company’s market value reads as

_ St fOI'OSt<t0
T St + Biyyy — Vi for to <t < T’

where we have dropped the dependencies for notational convenience. Here and in the
following subsections, we assume that the company borrows the money needed to pay
(or invests the money received, resp.) for the options at the risk-free interest rate. V;
denotes the value of the options at time . Both v and V; are yet to be determined.
To specify v and V;, we note that at maturity of the OOO options, the value of the
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Xy = 8p+ Bry,y — p(Xo — K) 4.
Le., if X7 < K,

X1 = S7 + Bry,7- (1)

In this case, the value of the company is too low for the calls to be exercised. If, however,

X7 > K (the calls are in the money), the calls will be exercised and some algebra leads

to

_ St + Bry,y + pK @)
1+p

Equating (1) and (2) shows that, in terms of Sr, switching between (1) and (2) occurs

at

Xr

St = K — Br;y7.
Le., if S7 < K — Bry,y,

X1 = S+ Bry,7-
If St > K — Bry,y,

Xy = St + Bryy +pK.
1+p
The value of p OOO call options on X7 at maturity is thus given by
p(ST + Bryyy — K)+ for Sp < K — Bry,y
Xr—K), = Sy + B K (3
p(Xr=K). p(EEPTYTPR gy o1 Sy > K — Brogy )

I+p

The first line in (3) corresponds to the case when the calls expire worthless.

Therefore, (3) can be simplified to

p

Xp—K), = 2

p(Xr )+ 1+p

This is equivalent to the value of p(1 + p)~' standard European call options on Sy (as
opposed to Xr!) with strike price K — Brg,7.

(St + Briyy — K)4. (4)

To derive the correct price v of the OOO call options sold by the company, we
invoke an arbitrage argument: The company, as the seller of the p OOO call options,
has received 7y (at time ¢ = t5) in exchange for the obligation to pay p(X+—K), (at time
t =T). As shown in (4), it can hedge by duplicating p(1 + p)~' standard European call
options on St with strike K — Bry,y. This is possible because S;, though not directly
observable, can be calculated from X;. To rule out arbitrage opportunities, the price y
of the p OOO calls must satisfy
- ~CuolK = Bryy, T, Su,). (5)
If S, follows a geometric Brownian motion, C(-) is the price of a call option according
to the Black-Scholes formula. The valuation equation (5) can be solved numerically

’7:
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for v. In Section 3, we show that the correct price v of OOO call options is always
smaller than the price of p standard call options (that are not sold by the company,
but by outside investors). Proofs for existence and uniqueness of the solution are also
given there together with basic inequalities for the values of the various different option
positions described in this section.

The factor p(1 + p)~! represents the well-known dilution effect associated with call
options sold by the company, which are usually called warrants if coupled with issuance
of additional stocks in case of exercise of the options. Dilution means that the (original)
shareholders sustain a loss if the options are exercised. Neither the existence, nor the
extent of this effect depend on the exercise mode (physical delivery of newly issued
shares vs. cash settlement).

Remark. In case of stochastic interest rates, (5) reads as

p
1+p
where () denotes the martingale measure. Thus, we have to hedge a standard European
call with strike price K on the underlying S; — By4,7.

/Y = EQ BT7t0

(ST + BT,to’Y - K)+|:Ft0 ; (6)

2.2. Cash-settled European OOO Puts Bought by the Company

In the case of OOO put options bought by the company, the process for X; becomes
St for 0 <t <t
' {St—Bt,t0w+Vt forto <t <T'
Following the steps described above leads to the following valuation equation for OOO

put options bought by the company:

p
1 + tho (K + BT,toﬂ-a Ta Sto)'
The value m of OOO put options bought by the company is always smaller than
or equal to} the value of otherwise similar put options bought by outside investors (cf.

Section 3).

m =

2.3. Cash-settled European OOO Calls Bought by the Company

Denoting by p the fraction of OOO call options on the company’s market value X bought

by the company in ¢y, the process for X; becomes
St for 0 <t <ty
e St — By + Vi forto <t<T

(7)

An analysis following the same lines as above leads to the following valuation equation:

r Cuo(K + Bruy, T, Si).

7:1

i For P(Sy > K) > 0, the inequality is strict.
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Thus, the value of the OOO calls is undefined for p = 1. In fact, Section 3 shows
that existence and uniqueness of the OOQO call price is only guaranteed for 0 < p < 1.
Furthermore, the value v of OOO calls bought by the company (if it exists) is always
larger than the value of otherwise similar call options bought by outside investors.

2.4. Cash-settled European OOO Puts Sold by the Company

In the case of OOO put options sold by the company, the process for the company’s
market value X; reads as

X, — Sy 0<t <1y,
"T S+ B~V tg<t<T.

The corresponding valuation equation becomes

- r Py (K — Brm, T, i) (8)

Similar to the case of long OOO calls discussed above, the value of the short

m =

OOO put is undefined for p = 1, and existence and uniqueness are only guaranteed
for 0 < p < 1. The value m of OOO puts sold by the company (if it exists!) is always
larger than the value of otherwise similar put options sold by outside investors (cf.
Section 3).

Remark. When OOO puts are sold or OOO calls are bought, X; as defined in the
corresponding subsections may become negative (for positive values of S;!), which is in
contrast to the limited liability of shareholders. The two cases, however, are structurally
different.

When OOO calls are bought and X; reaches zero, the investment of the company
into call options simply leads to the ruin of the company. Initially, the life of the
company would have ended if the value of the productive assets, S;, had fallen to zero.
Now, the company goes bankrupt if S; falls below Br,,v, the price paid for the calls
plus accrued interest (cf. (7)).

When OOO puts are sold, the effect of X1 becoming zero (or negative) is the default
of the company on the put obligation. Therefore, to avoid additional complications such
as an analysis of the risk of default (which are non-central to this paper), we assume
that X, is always positive. A sufficient condition for this is that P(S; > pK) =1, i.e.,
the quantity p of OOO put options sold is restricted, and the value of the productive
assets is bounded below by a suitable positive constant.

2.5. Effects on the Market Value of the Company at Maturity of the Option

Figure 1 shows the effects of the four different positions in cash-settled OOO options
analyzed above on the market value of the company at maturity. In each case, the thin
line indicates the value the company would have had at time 7" without any transactions
in options. Then, X7 would simply be equal to S, the market value of the company’s
assets. The bold line in each graph indicates the time 7" value of the company given the
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transaction in OOO options at time ¢y. The slope of the bold line in the region where
exercise is profitable depends on the fraction of options purchased: The more options
bought or sold, the larger the slope’s (absolute) deviation from 1. In the case of short

XT XT
|
! I
! I
I |
! I
I
| |
| K+By,m | K~Bryy
Long Put St Short Call St
Xr
I
I
I
|
|
|
! K"'BT.tOY
Long Call St Short Put St

Figure 1. Market value X1 of the company at expiration time, depending on the
market value of the productive assets St and the position in OOO options taken by
the company

positions, the dilution effect discussed in Section 2.1 occurs: In case of exercise of the
options, shareholders lose. For long positions, the opposite is true: Shareholders gain if
the options are exercised. In the absence of any existing terminology, we will use the
term anti-dilution to denote this effect.

Since Xt changes as a result of the option transaction, arbitrage considerations
imply that the process (X;) is affected also for ¢ < T" when the company takes positions
in options written on its own stocks. These changes are analyzed in Section 4.

The value of X7 if p OOO call options have been bought at ¢ < T is different from
the value Xt would have if p OOO put options had been bought. Therefore, standard
put-call parity obviously does not hold for OOO options.

2.6. General Solution for Cash-Settled European-Style OO0 Options

In this subsection, we derive a valuation equation for more general European-style payoff
functions. Denoting the payoff of the OOO option under consideration by h(Xr), we
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note that the company’s market value at maturity of the option can be written as§
X1 = St — Bryk + ph(X7) 9)

when the option under consideration is held in a long position (otherwise, the signs of
the last two terms would be reversed). Here, x denotes the price paid for p options. Le.,
(if (9) is invertible),

Xr = f(S57).

According to standard asset pricing theory, the value V; of the p options can be written
as

Vi = pE? [Byrh(Xr)|F] .
Here, () denotes the equivalent martingale measure. Then, we find that
X, = Sy — By, + pE? [Byrh(Xr)|
and further
Xy = Sy — Bygok + pE? [Byrh(f(Str)) | F] - (10)

Again, in case of a short option position, the signs of B;; x and the expectation term
would be reversed. For the possible problem of the company defaulting on the put
obligation, cf. the corresponding remark in Section 2.4.

A related problem is the valuation of European warrants issued by a company.
A warrant is a OOQ call option where, upon exercise, new stocks are issued by the
company and delivered to the warrant holder. In this case, (X;) reads as

. St for0 <t < to
"7\ S, + Bruk + EQ [Birh(f(Sp)|F]  forte<t<T’

with h(f(Sr)) = Kliysp+Br,,w+K)>K}- Here, ¢ = m/(n + m), where n is the number
of old stocks and m is the number of new stocks that are issued in case the warrants
are exercised. The derivation of the valuation equation for warrants in our framework
together with subsequent changes in the stock price process and the resulting changes
in prices of traded options is shown in detail in Hanke/Pd&tzelberger (2002).

2.7. Example: Several Cash-Settled OOO Puts Bought by a Company

In this section, we extend an idea originally put forward by Murphy (1998) who
recommends buying OOO put options to insure against bankruptcy. We use several
00O puts with different strike prices to generate a “multi-level bankruptcy insurance”,
applying the valuation principles derived in the previous subsection.

Here, we still assume that initially, our company is fully equity-financed. At time %,
it buys fractions p,, of n put options with different strikes K, but the same expiration
time 7" on its value X. Using the notation introduced in the previous subsection,

hMXr) =p1(Ky — Xr)y + 02 (Ko — Xp) 4 + -+ - + pp(Kp — X7) 4,

§ Here, for the sake of continuity, we keep up with the notion of buying a fraction p of an option with
a payoff of h(Xr).
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where 0 < K; < Ky < ... < K, < oo. Denoting by I the indicator function, this
terminal payoff can be rewritten as (Ko = 0)

XT) — sz(f{Z - XT)+
_ ZI[Ki—laKi[(XT) (ij(Kj - XT))
_ ZIK% Lk (X7) (ZPJK Zp]XT) . (11)

We denote by 7 the total price paid by the company for this package of put options.
Recalling from (9) that

Xp = Sp — Bry,m+ h(X7)

and using (11), we can rewrite the market value of the company at maturity as

XT = ST — BT,t07T + ZI[Ki—I;Ki[(XT) (ijKj — ijXT) . (12)
j=t j=t

i=1
It is easily seen from (12) that if X7 is larger than K, (i.e., none of the puts is exercised),
Xr = St — Bry,m. This means that the value of the company is just the value of the
productive assets minus the premium paid for the puts. For X7 in a specific interval
[K;_1, K;[, we see from (12) that
St — Brui,m + 5 piK;

1+ Z;l:z b

Therefore, X7 can be rewritten as

St — Brgym+ Y i pi K
. TSP 4 Ik oof(Xr) (St — Brygom) -

XT = for XT € [Kifl, Kz[ (13)

Xr=> I, x(Xr) 0
i=1 142 5P

Redirecting the focus to Xp from a specific interval [K;_;, K;| and using (13), we find

that

St — Bry,m+ 37 0K
T T,to TLZ]—ZPJ I ¢ K,

i—1 =

and further

Ki 1 (1 + ij> —> " pjK;+Bry,r < Sr < K; (1 + ij> —Y " p;K;j+ Bry,m,(14)
j=i

j=i j=i j=i

Ki—l + BT,t07T + ij (Ki—l - KJ) S ST < Kz + BT,toﬂ- + ij (Kz - KJ) . (15)
j=i Jj=t

Denoting the left-hand part in (14) by u; and the right-hand part in (15) by v;, we find

that u; = v;_;. Thus, there is a one-to-one correspondence between the boundaries K;
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of the intervals for Xt and the boundaries v; of the intervals for Sr. Therefore, X+ can
be rewritten as

n St — Brym+ Y i p;i K
Xr = Z ‘l[vi—lavi[(ST) : L
=1

j
T+ 0 + Ly, ,00(ST) (ST — Brt70)

= (St = Brym) + > Tou(S7) (” Z T)
i=1 ¢

"1
= ST — BT,t07r + Z E (’UZ' - ST)+ . (16)
i=1 "

The valuation equation, when formulated as in (16), leads to a nice geometric
interpretation. To see this, we first find an expression for 3; by noting that for a specific
interval [v;_1, v;],

St — Bry,m + Z?:Z piK B ma Z U] — St
Tt
I+ Z?:z bj ’

7

1 1
1+ Z] sz 2_: ﬂ_
11 1
B 1+ Z?:z pj 1+ Z;’L:z'—l p;’
(1 + Zgn:z pj) (1 + Z;}:ifl pj)
Pi—1 .

Figure 2 shows that the slope of X7 is equal to 1 if X is large enough for none of the
puts to expire in the money. Every put that expires in the money decreases the slope

B =

of Xr, thus providing more and more “insurance” against the company’s market value
falling to the same extent as the market value of the company’s productive assets.

3. Existence of Prices and Basic Inequalities

Let a process (S;) be given. A process (X;) satisfying (9) does not necessarily exist,
even if Xy — X, — B,k + ph(X}) is invertible. If such a process exists, the inverse f,
of Xy — X; — By k + ph(X;) depends on « and « satisfies

Kk =E? [Biy1¢x(Sr) | Fiol,

where ¢, = p(h o f,) and & is nonnegative. The following four propositions summarize
basic facts about put or call options that are bought or sold. We assume 0 < By, v < 1.

Proposition 3.1. If p cash-settled OOO put options on its market value are bought
by the company, a unique price exists. Denote by Wfo (K, T, S;,,p) the price of p options
bought. Then

P thO(K: T; Sto) S //T?O(K: T7 Sto:p) S tho(K7 T? Sto)’ (17)
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Vv,

() Vi ¥,

2 V3 Sr

Figure 2. Market value X7 of the company at expiration time after buying several
00O put options on its value with different strike prices

and

P(Biy 7K — Siy)+ < 7750 (K, T, Sy, p). (18)
Proof. A positive 7 is sought with

= %EQ [Bio, 7 (K + Brgom — St)+ | Fie] - (19)

Denote the right-hand side of (19) by «(m). «(7) is nondecreasing with «(0) > 0.

Suppose, a(m) > 7 for all 7 > 0. Divide (19) by 7 and take the limit for 7 — co. Then
1< <1
1+p
a contradiction. Thus at least one 7 solving (19) exists. Suppose there are two such, m;

and my, with m < 9.
(K + Brgyme — St)y — (K + Brygm — St)4 < (12 — m1) Bry,
implies

To — M1 = %EQ [BtO,T ((K + BT,t07TZ - ST)—l— - (K + BT,to’n—1 - ST)-l—) | :Fto]

< Ty — 1),
< (= m)
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a contradiction. To prove (17), note that the left-hand inequality follows from (19).
Furthermore, (K + Brg,m — Sr)+ < (K — S7)+ + Bry,m, so that, using (19),

P (=
T < ]_—pEQ [Bto,T ((K - ST)+ —+ BT,toﬂ—) | tO]
P
= 1 (Pl T.80) 7).

which implies
Ty (K, T, St,p) < pPiy (K, T, Sy,).
(K + Bri,m — Sr)4+ > K + Bry,m — St leads to
p(BirK — Si,) < (K, T, Sy, p).-

(18) follows, since m (K, T, Sy, p) is nonnegative. O

Proposition 3.2. Let p cash-settled OOO call options on its market value be sold by the
company. These options have a unique price v; (K, T, Sy, p). If Sy < By K(1+1/p),
then vy (K,T,Sy,p) < KBymp. If Syy > ByyrK(1 4 1/p), then v, (K,T,Sy,p) =
p(St, — Bi,7K). Furthermore,

. _1; (KT, 51) < 73, (K, T S0, p) < pCi (K, T, S1) (20)
and

P(Sty — B2 By 1| Feol )+ < 73 (K, T, Sio, p)- (21)
Proof. We look for a solution 7 of

1= 7B Bur(Sr — K + Bra) | Fu). (22)

Suppose, the right-hand side of (22) is always larger than «y for all v € [0, By, +K]. Then
p p
B,r+K < ——E%[B ~K+K); | Fyl = ——
to, 744 < 1+p [ to,T(ST + )+ | to] 1 +pSt01

so that Sy, > By rK(1 + 1/p). Moreover, (22) has a solution in [0, By, 7K] if
Sty < By rK(1+ 1/p). Now, if S;y > By, rK (1 + 1/p), define 4 = p(Sy, — By, rK).
Then

so that
p ~ p “
mEQ [Bior (ST — K + Bry7)+ | Fio] = m]EQ [Bio,r (St — K + BryyY) | Fuo)
p ~ R
= m(sto +9 = By, rK) = 7.

(20) and (21) are proved similarly to the corresponding statements in Proposition
3.1. O
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Proposition 3.3. Let p cash-settled OOO put options on its market value be sold by
the company. These options have a unique price w} (K,T,S;,,p) if 0 < p < 1 and
P(St > pK) =1 (cf. the corresponding remark in Section 2). Furthermore,

Pu(K, T, 0) < 8, (K, T, S10,) < 2 PulE T, i), (23)

and
p(Bto,TK - Sto)—l— S 7-‘-?0 (Ka Ta Stoap)' (24)

Proof. The price 7 = 7 (K, T, Sy,) is a solution of (8). Note that the right-hand side
of (8) is decreasing in m and bounded by p(1 — p)~'P, (K, T, Sy,), which implies the
existence of a unique solution. (23) and (24) are proved similarly to (17) and (18). O

Proposition 3.4. Let p cash-settled OOO call options on its market value be bought
by the company. These options have a unique price ’ny(K, T,S,p) if 0 < p <
1. Furthermore,

PO, T, S10) < 74 T, 80,9) < 17 Cool KT 80, (25)
and

P(Sty — BiyrK)+ < ’Vfo (K, T, S,p).
Proof. Exactly as the proof of Proposition 3.3. O

Remark. The proofs for existence and uniqueness of prices are easily modified to cover
general European-style cash-settled OOO options. A solution of the valuation equation
(19) exists and is unique for p small enough, if

(i) © — x — k + ph(z) (if the options are bought, or x — x + k — ph(z), if the
options are sold) is invertible. This holds, if h satisfies a Lipschitz condition
|h(z2) — h(z1)| < L(h)|z2 — z1] and pL(h) < 1. Denote the inverse by f,.

(ii) E®[h o fo(St) | Fio] > 0 ace..

(iii) f, is Lipschitz in &, i.e. |fu,(5) = fe, ()| < L(f)|k2 — k1| and

pL(R)L(f)B;,r <1 Vs.

4. Subsequent Effects on the Stock Price Process

In a footnote, Galai and Schueller (1978, p. 1336) point out that if the value of a
company’s assets at maturity is lognormally distributed, the distribution of the value
of the company after issuing warrants will not be lognormal. When the distribution
of the company’s market value at maturity of the OOO option changes, arbitrage
considerations imply that the value before this date (and, thus, the stochastic process of
the stock price) also changes. Schulz and Trautmann (1994) analyze effects of warrants
issuance on the stock price process and find that volatility decreases as a result of
warrants issuance. In Section 2, we have shown that warrants can be seen as a special
case of our general problem.
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We summarize the effects of transactions in OOO options on the dynamics of the
underlying within the framework of one-dimensional diffusion processes. For simplicity
of exposition, we assume throughout this section that the risk-free interest rate is
constant.

Let (©, F,Q) denote a probability space, (W;)o<;<r a standard Brownian motion
under @, (F;)o<i<r its natural filtration and (S;)o<i<r a diffusion adapted to (F;)o<i<r
such that the discounted process (St)OStST is a positive square integrable martingale
under ). Furthermore, we assume that

t
G =8+ / 8u0(Su, u)dWV,
0

where (S,0(S;,t))o<i<7 is adapted and E? [fOT(S’ta(St, t))?dt] < oc.

Proposition 4.1. Let E?[¢g?(St)] < oo, where g = ho f,, and let (X;)o<i<r be defined
by (10) for to <t < T and by X, = S, for 0 <t < to. An adapted process (Hy)i,<t<r
exists, such that E? [supyc,cp HY] < 0o and

. [~
o St (Sua(Su,u) + Hu) AW, to<t<T,
Sy 0 <t <.

The discounted process (Xt)OStST 18 a continuous square-integrable martingale under Q).

Proof. Let M, = E2[pg(Sp)e™™" | Fi]. (M,)iy<i<7 is a square-integrable martingale,
which admits a representation

¢
Mt = Mto +/ Huqu,
to
where (H,) is an adapted process satisfying E? [supy<; H?] < 00, so that for ¢t > tg
t
X; =S5, —re "™ + M, + / H,dW,,.
to

M,, = re " concludes the proof. O

Ezxample 4.1. Let the company buy p cash-settled OOO put options on its market
value, which is modeled as a geometric Brownian motion (Black-Scholes model). Then
dS, = S,0dW,, where (Wi)o<i<r is a Brownian motion under ). Furthermore,
H, = —05y(®(—d1(S))p/(1+ p) + 1/(1 + p)), with ® the c.d.f. of the standard normal
distribution and d, (z) = (log(z/(K +e&"T=%)m)) + (r+0%/2)(T —t))//0*(T — t). Thus
fortg <t<T,

X, =S + /t e85 (1 — B(—=dy(Sy))p/ (1 + p)) dW,,.

to
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Example 4.1 shows that the purchase of OOO puts leads to a decrease in stock price
volatility (here, H; < 0). The same effect occurs if OOO calls are sold by the company.
This corresponds to the findings of Schulz and Trautmann (1994) for the special case
of warrants. The remaining two positions in OOO options (calls bought and puts sold)
lead to an increase in stock price volatility.

Under the diffusion models considered above, prices of derivatives with convex
payoff functions are monotone functions of the volatility of the underlying. In the
following proposition we prove an analogous result for derivatives defined on underlyings
S and X. Denote by (Hy);,<i<r the process defined in Proposition 4.1. From Proposition
4.1, the diffusion coefficient of X; is driven by the diffusion coefficient of S, and H,. Let
(S, t) be given by

Ht = 5}6(5}, t) (26)

The idea of the following result is that if 6 > 0, X has greater volatility than S, and
prices of options (with convex payoff) on X will be higher than on S. If, however,
—0(S;,t) < 6(S;,t) < 0, then the prices of options on S will be higher. For the special
case of options on stocks of warrant-issuing firms, this effect has been explored by Hanke
and Potzelberger (2002).

Consider the Black-Scholes model for (S;) in Example 4.1, where the company buys
p cash-settled OOO put options on its market value. Since

6(S1,t) = =a(®(=d1(5))p/(1 +p) + 1/(1 + p)),

we have —0 < 6 < 0 and thus Proposition 4.2 tells us that options on S are more
expensive than options on X.

Proposition 4.2. Let a derivative be defined by a payment function ¢ which depends
on the value of the underlying at time T* only. Denote by Vs and by V, x the prices
of derivatives written on the underlying S, given S; = z and on X, given X; = z,
respectively. Let (Hy)o<i<r satisfy (26) and let the assumptions of Proposition 4.1 hold.
Let the ordinary differential equations
dr, 1
At W2o(Wy,7)?
and
dry, 1
At~ WE(o(Wy, i) + 6 (W, 7))
have, almost surely, unique strictly increasing solutions which explode when Wy first
reaches zero.
1. Let —o(z,t) < 6(z,t) <0 for all z and all to < t < T. If ¢ is convex, then
Vix < Vs forallt.
2. Let 6(x,t) > 0 for all x and all to <t <T. If ¢ is convez, then Vi x > V, g for
all t.
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Proof. 1t is sufficient to prove the proposition for 7% > t;. Fix t < T*. Then
Xy = S, + €™ ftZ(gua(Su,u) + H,)dW, for t < v < T*. Note that (X;) is a square-
integrable martingale for which Hobson (1998), Theorem 2.1 is applicable. Therefore,
if —o(z,u) < 6(z,u) <0 and if ¢ is convex,

Vix = E[p(Xp)e ™ | F] <E2[p(Sp)e ™ | F) = Vis.
Analogously, if 6(z,t) > 0 for all z and all t, < ¢ < T and if ¢ is convex,
Vix = E?[p(Xr- )™

F) > ECp(Sr)e™™ | B = Vis.

O

Remark. Stock prices are often modeled using Markov processes. When a company takes
positions in OOO options, the Markov property is lost. The stock price at a certain point
in time after the option transaction depends on the value of the company’s productive
assets, the terms of the option and, in particular, the time of the option transaction.

5. Numerical Examples

In this section we present two examples. The first example shows the differences in
option prices between standard options (bought or sold by outside investors) and OOO
options (bought or sold by the company itself). The second example demonstrates the
effect of one OOO option transaction on the pricing of another OOO option transaction
that occurs later in time. This is an indirect effect of the change in the stock price
process.

Ezample 5.1. In this example, we assume a standard Black-Scholes world, i.e., the
process (S;) is a geometric Brownian motion under ) with Sy = 100, 0 = 0.4, and
r = 0.03. Furthermore, the strike price K = 100 and 7', the expiration time, is 1
year. From the four basic OOO option positions analyzed in Section 2, we select two for
reasons of economic significance: Short OOO call positions correspond to employee stock
options, and long OOO put positions might be used as insurance against bankruptcy
(an idea put forward by Murphy (1998) in a slightly different context).

The solid lines in Figures 3 and 4 show the values of options according to the Black-
Scholes formula. Using the Black-Scholes formula implies neglecting the fact that the
company itself buys or sells options on its own value. The dotted lines show the correct
values of p OOO options (taking into account that these options are sold (bought) by
the same company on whose stocks the options are written).

Ezample 5.2. Let (Si)ico,1] denote the value of the company without any transactions in
00O options. S; is modeled as a geometric Brownian motion under ) with Sy = 100,
o0 =04and r =0.03. Att =0 (=: ty), the company buys py cash-settled European
OOO put options on its market value X, with strike price X = 100 and expiration time
T =1. Att=1/2 (=: 1), it buys another p; cash-settled OOO put options on its value,
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Figure 3. Deviation of the price of p OO0 call options sold by the company (dotted
lines) from the Black-Scholes price (solid line), p = 0.5,1, 5.

100 T

Option price

200

Figure 4. Deviation of the price of p OOO put options bought by the company
(dotted lines) from the Black-Scholes price (solid line), p = 0.5,1, 5.

again with strike price K = 100 and expiration date 7= 1. We denote by m(S;,) the
price of these p; put options at time ¢;.
After the purchase of py puts at time ¢y, the process for the market value of the
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company becomes

X, = S = Busgmo + ——Pi(K + Bryymo, T, ) (27)
+ po
with
Do
Ty = mPtO(K + Brgymo, 1, Sty)-

For the valuation of the p; puts bought at time ¢;, note that X; has already changed
as shown in (27). Therefore, X; now plays the role of S; in the valuation equation, and
_ Dh
1+
Substituting for X, and taking cases ultimately leads to

%Ptl(K + Broym + Bragmo, T, ) — 5 i 1p1 : iopo
Figure 5 exhibits three prices of put options. The solid line is the price of p; = 1
standard put options on S (i.e., ignoring the feedback effect). The dotted/dashed lines
are the prices of p; = 1 cash-settled OOO put options on X. The dotted line (that is
close to, but just below the solid line) represents the price when the purchase of py put

m E? [By, r(K + Bry,m — X1) 4| Fy] -

T = Pt1 (K + BT,tOT‘—O, T, Stl)-

options at time t; is neglected. The dashed line is the graph of m;(Sy,) for pp =p; =1
if the previous transaction at ty is properly taken into account.

6. Practical Implications

The most important practical implication arises from Assumption 1 in Section 2: Market
participants are fully informed about a company’s positions in OOQO options. In
particular, the respective counterparty of a corporate OOO option transaction knows
that it is dealing with the company itself, as opposed to a third party. This assumption
is clearly violated if — as is the case in many legislations — companies are not legally
prohibited from taking positions in exchange-traded options, even if these options are
written on their own stocks. As soon as the company is one of the parties to such
a transaction, a standard exchange-traded option becomes a OOO option. Rational
counterparties would, as we have seen before, pay or demand a different price if they
knew who their counterparty really is. Especially for long call and short put positions
in OOO options, the company has an incentive to arrange such deals via “anonymous”
exchanges, rather than direct negotiations with a financial institution (and, thus, conceal
its identity from its counterparty): In these cases, the company can reap arbitrage
profits, because buyers of puts would pay more than, and sellers of calls would charge less
than the fair (no-arbitrage) value. This can only be prevented by prohibiting corporate
transactions in exchange-traded options written on their own stocks.

Another important caveat arises from Assumption 3 in Section 2: There are no
signaling effects associated with transactions in OOO options. However, one can hardly
imagine a financial institution, approached by a company willing to buy OOO puts, not
thinking twice about possible hidden motives of that firm. In practice, convincing the
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Figure 5. Effect of the change in the stock price process: The company buys one
00O put on X7 at t = 0 and another OOO put at ¢ = 0.5. The dashed line is
the correct price for the second OOO put. The dotted line is the OOO option price
(ignoring the existence of the first OOO put). The solid line is the Black—Scholes
price (ignoring both the feedback effect and the existence of the first OOO put). Note
the large deviation resulting from neglecting the effect of the first put on pricing the
second.

financial institution that the motivation for this is purely “technical” (e.g., a cheaper
means of insuring against bankruptcy, as suggested by Murphy (1998)), as opposed to
a consequence of information asymmetries, might be very difficult.

7. Summary and Directions for Further Research

In this paper, we have analyzed effects occurring when a company takes positions in
cash-settled options written on this company’s stocks. We have shown how standard
pricing models have to be modified in this case and have provided valuation equations for
generalized European-style payoff functions. Then, we have shown how the stochastic
process of the stock price changes as a consequence of transactions in cash-settled OOO
options due to the resulting feedback between stock price and option price. Using
numerical examples, we have demonstrated the extent of this effect, and discussed several
practical aspects.

In further research work, we will analyze OOO options with physical delivery
on exercise as well as American-style OOO options. Another related paper
(Hanke/Potzelberger (2002)) deals with the changes in the stock price process occurring
when a company issues warrants and analyzes subsequent changes in the prices of traded
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options written on companies which issue warrants.
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